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Abstract —We analyze implementations of bipartite unitaries 
by means of local operations and classical communication 
(LOCC) assisted by shared entanglement. We employ concepts 
and techniqnes developed in quantum Shannon theory to study 
an asymptotic scenario, in which two distant parties perform 
the same bipartite unitary on infinitely many pairs of inputs, 
generated by an i.i.d. (independent and identically distribnted) 
quantum information source. We analyze the minimum cost of 
entanglement and classical communication per copy. For two- 
round LOCC protocols, we derive a single-letter formula for 
the minimum cost of entanglement and classical communication, 
under an additional reqnirement that the error converges to zero 
faster than l/n'‘, where n is the number of input pairs. The 
formula is given by the “Markovianizing cost” of a tripartite 
state associated with the unitary, which can be computed by 
a finite-step algorithm. We also derive a lower bonnd on the 
minimum cost of resources, which applies for protocols with 
arbitrary number of rounds. 


I. Introduction 

Distributed quantum computation is a task in which a group 
of distant parties collaborates to perform a large quantum com¬ 
putation, by using classical communication, quantum commu¬ 
nication and shared entanglement as resources. One of the 
most extensively investigated tasks is implementation of bipar¬ 
tite unitaries by local operations and classical communication 
(LOCC) assisted by shared entanglement. Here, two distant 
parties, say Alice and Bob, have quantum systems A and B in 
an unknown state , and aim to perform a known unitary 

by LOCC using some resource entanglement shared in 
advance. Although this task can be implemented simply by 
using quantum teleportation, it was shown that the cost of 
entanglement and classical communication can be reduced 
by constructing a more efficient protocol, depending on the 
unitary to be implemented Q. 

The following two questions then naturally arise: (i) How 
can we hnd efficient protocols which consume less resources 
for a given bipartite unitary? and (ii) What are the minimum 
cost of resources required for implementing that unitary? 
Although these questions have been addressed, e.g. in Q- 
E). most of the studies so far assume particular forms of 
the resource entanglement or of the bipartite unitary to be 
implemented. A general method to address these problems is 
yet discovered. 


In the present paper, we address the above questions in an 
information theoretical scenario for the hrst time, by apply the 
concept of “block coding”. Here, the two parties perform the 
same bipartite unitary at once, on all of a sequence of input 
pairs generated by a completely random i.i.d. (independent 
and identically distributed) quantum information source. We 
consider an asymptotic limit of inhnite pairs and vanishingly 
small error, and analyze the minimum cost of entanglement 
and classical communication per copy required for the task. 
We mainly focus on protocols consisting of two-round LOCC 
as the hrst nontrivial case. Our approach is different from 
previous approaches which have only dealt with single-shot 
cases 

The main result of this paper is that we derive a single-letter 
formula for the minimum cost of entanglement, forward and 
backward classical communication in two-round protocols, 
under an additional assumption that the error converges to zero 
faster than 1/n'*, where n is the number of input pairs. The 
formula is represented in terms of the “Markovianizing cost” ( 
|fT2|-|fT^) of a state associated with the unitary, which can be 
computed by a hnite-step algorithm. The result is applicable 
for any bipartite unitary. 

It is left open, however, whether the same converse bound 
holds when we drop the requirement on the convergence 
speed of the error. We relate this problem to another open 
problem regarding an “asymptotic symmetry” of approximate 
recoverability, that is, whether a tripartite quantum state 
is approximately recoverable from if it is approximately 
recoverable from up to a dimension-independent rescal¬ 
ing of error of recovery. We prove that an affirmative answer 
to the latter question implies an affirmative one to the former. 

We also derive a lower bound on the minimum cost of en¬ 
tanglement and classical communication, which is applicable 
for any protocol with arbitrary number of rounds, in terms of 
a parameter called the Schmidt strength of the unitary. It turns 
out that the lower bound is achievable for a class of bipartite 
unitaries called generalized Clifford operators. 

The structure of this paper is as follows. In Section |I^ we 
introduce the formal dehnition of the problem. The results are 
summarized in Section [111] In Section |IV] we review results 
on Markovianization and state merging. Section |V] analyzes 
single-shot two-round protocols for implementing a bipartite 
unitary. Outlines of the proofs of the main result are presented 
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Fig. 1. The task is to apply AHa ^®n 

using resource entanglement Ra and Rb are reference systems 

that Alice and Bob cannot access. The entanglement cost is defined as 
the difference between the amount of initial entanglement and that of final 
entanglement shared by Alice and Bob, i.e., Kn and Ln- 


(see Figure [^. Our interest is to find the minimum cost of 
entanglement, forward and backward classical communication 
per copy for accomplishing this task. Rigorous definitions are 
given below. 

Definition 1 Let [/ be a bipartite unitary acting on two d- 
dimensional quantum systems A and B. Let Alice and Bob 
have quantum registers {Aq,Ai} respectively, 

and let be a quantum operation from A^Aq ® B'^Bq 
to A^Ai 0 B^Bi. Mn is called an (r, n, e)-protocol for 
implementing U if is an r-round LOCC that satisfies 

F{p{Mn), > 1 - L (2) 


in Section [Vlj In Section VII we discuss general properties 
of the Markovianizing cost of unitaries as examples. The 
Markovianizing cost for two classes of bipartite unitaries is 
computed in Section |VIII In Section IX we investigate an 


open problem regarding the convergence speed of the error 
from a viewpoint of approximate recoverability. Section 
analyzes the power of a LOCC protocol for transmitting 
classical information. In Section XI we provide a lower 
bound on the cost of resources for an arbitrary LOCC 
protocol. Conclusions are given in Section |XII| The detailed 
proofs of lemmas and theorems in the main part are presented 
in Appendices. 


where 


and 

piMn) (3) 

The entanglement cost of is defined by logiC„ — logL„. 
The forward and backward classical communication cost of 
Ain are defined as the sum of numbers of classical bits trans¬ 
mitted from Alice to Bob and from Bob to Alice, respectively, 
in Mn- 


Notations. |$d), and represent the maximally 

entangled state with the Schmidt rank d, Kn and L„, re¬ 
spectively. TTd is the maximally mixed state of rank d. The 
fidelity and the trace distance between two quantum states p 
and a are denoted by F{p, a) and \\p — cr||i, respectively. We 
abbreviate F{p, as |'0)). For a quantum operation 

8, we abbreviate f (!'!/;)('!/;|) as £(|'0)). Otherwise we follow 
the notations introduced in | fT^ . 

IT Formulations 

Suppose Alice and Bob are given a sequence of bipartite 
quantum states , generated by an i.i.d. 

quantum information source of an ensemble {pi^fii^i. We 
assume that the source is completely mixed, in the sense that 

=T7d®T^d- (1) 

i 

Alice and Bob perform the same bipartite unitary on 

each of , • • • , by LOCC using a resource 

state in such a way that the average error vanishes 

in the limit of n —> c». Following the formulation of the 
Schumacher compression p3| , we assume that Alice and Bob 
do not know the ensemble {pi, but know that the average 
state is completely mixed. 

Equivalently, we consider a task in which Alice and Bob 
apply 

a resource state °. Here, Ra and Rb are imaginary 
reference systems that are inaccessible to Alice and Bob 


Definition 2 A rate triplet {E, Cf, Cb) is said to be achievable 
by an r-round protocol if, for any e > 0, there exists 
such that for any n > n^, we find an (r, n, e)-protocol for 
implementing U with the entanglement cost nE, forward 
classical communication cost nCf and backward classical 
communication cost nCb- 

Condition © implies that, for almost all input states Ifii) G 
0 R^, the final state Mnil^p )^^is close to 
the desired state ■ That is, we have 

[ pid7p)EipiMn,7P),iU^"m^^ALy°^°) > 1-e 

J Haar 

(4) 


for 


p{MnM) := 


xAnBn 


where the average is taken with re spect to the Haar measure 


on R^ 0 R^ (see Appendix B-A for a proof). 


Ideally, we should relax Condition ([T]|, and require that the 
protocol be universal in the sense that Mnifi^^) is close to 
the desired state for all input states ji/i) S R^0R^. 

In this paper, however, we require Condition Q for simplicity. 


HI. Results 

The results of this paper are summarized as follows. 












A. Result 1: Achievable Rate Region for Two-Round Protocols 

In this paper, we mainly consider two-round protocols (i.e. 
r = 2) starting with Alice’s operation. In general, such a pro¬ 
tocol proceeds as follows: Alice first performs a measurement 
and communicates the outcome to Bob; Bob then performs a 
measurement and communicates the outcome to Alice; and, 
finally, Alice performs an operation. The first main result of 
this paper is that the optimal rate of the cost of entanglement 
and of classical communication in a two-round protocol are 
given by a parameter called the Markovianizing cost of the 
unitary, under an additional requirement that the error vanishes 
faster than 1/n^. 

To present a rigorous statement, let us introduce a concept 
of the Markovianizing cost of tripartite quantum states II3- 
A tripartite quantum state is called a Markov state 

conditioned by B if it satisfies I [A : C\B)f — 0 
Markovianization is a task in which n copies of a tripartite 
state is transformed by a randomizing operation on A" 

to a Markov state conditioned by The Markovianizing cost 
of is defined as the minimum cost of randomness per 

copy required for the task, in an asymptotic limit of infinite 
copies and vanishingly small error. A rigorous definition is as 
follows. 


• Converse: A rate triplet {E,Cf,Cf) is achievable by 
a two-round protocol for implementing U only if 
E,Cf,Cb > if we additionally require in Defi¬ 

nition 12] that 

lim e ■ nt = 0. (7) 

£->■0 ^ 

It is left open whether the same converse bound holds when 
we drop Condition 0. As we will discuss in Section in 
detail, this question is directly related to another question of 
whether Equality ( [T4| holds without Condition 0. At the 
core of these questions lies an open problem regarding an 
“asymptotic symmetry” of approximate recoverability. 

B. Result 2: General Lower Bound on the Cost of Resources 
Any bipartite unitary U on AB is decomposed as 

cP-l 

= Y, CsEf ® , (8) 

where Cg (s = 0, • • • — 1) are nonnegative real numbers 

that satisfy 


Definition 3 A tripartite state p^^^ is Markovianized with 
the randomness cost R on A, conditioned by B, if the 
following statement holds. That is, for any e > 0, there exists 
He such that for any n > n^, we find a random unitary 
operation V„ : t 2“”^ J2k=i ™ ^ Markov 

state conditioned by i?" that satisfy 




< e. 

1 

(5) 

The 

Markovianizing cost of 

pABC jg defined 

as 

Ma\b 

[pABC^ 1 pABC 

is Markovianized 

with 


the randomness cost R on A, conditioned by B}. 

We extend the notion of Markovianizing cost to a bipartite 
unitary as follows. 


P-i 

X] Cs > 0 (Vs), 

s^O 

and Eg € Eg € C{l-L^) are linear operators which are 

orthonormal with respect to the Hilbert-Schmidt inner product, 
i.e., 

-^Tr[ElEg,\=^-TT[FlFg.\=5sg.. (9) 

The Shannon entropy of is called the Schmidt strength 

of U. We denote it by k\u), that is, 

K{U)-.= H{{cl)g) = -Y<^l^ogcl (10) 


Definition 4 Let (7 be a bipartite unitary acting on two d-level 
systems A and B, and consider a “tripartite” state 

Y^^^ARaIBRb) fjjAB ^jRaRb^\^^^^ARa]^^^^BRb (g) 

by regarding B and as a single system. The Markovian¬ 
izing cost of U is defined as M{U) := 


The main result of this paper is presented by the following 
theorem. The proofs are given in Section VI and the corre¬ 
sponding appendices, after preparatory arguments in Section 
USandlYl 


The following theorem states that a lower bound on the 
minimum cost of entanglement and classical communication, 
in a protocol with arbitrary number of rounds of communica¬ 
tion, is given by the Schmidt strength of the unitary. Proofs 
are given in Section and the corresponding appendices. 


Theorem 6 A rate triplet (E,Cf,Cb) is achievable only if 
E,Cf,Cb>K{U). 


IV. Preliminaries 


Theorem 5 

• Direct: A rate triplet {E,Cf,Cb) is achievable by a 
two-round protocol for implementing U if E,Cf,Cb > 
M{W). 


We review an alternative definition of the Markovianizing 
cost 0, 0, in addition to state merging 0, 0. The 
results reviewed here are used in the following sections to 
prove Theorem]^ 







A. Markovianization in terms of Recoverability 

It is proved in GD that the following conditions are 
equivalent; 

1) Vanishing QCMI: is a Markov state conditioned 

by B, i.e., it satisfies 

I{A:C\B)p = 0. 

2) Recoverability: is recoverable from its bipartite 

reduced state on AB and BC, that is, there exist 
quantum operations TZ : B ^ AB and TZ' : B —r BC 
such that 

pABC ^ Tl{p^^) = n'{p^^). ( 11 ) 

Based on this fact, the Markovianizing cost in terms of 
recoverability is introduced in | |T4| . In the same way as 
Definition we consider a task in which n copies of a 
tripartite quantum state p^^^ is transformed by a random 
unitary operation on A^. Instead of requiring that the state 
after the operation satisfies Condition Q, however, we now 
require that the state satisfies Condition GD up to a small 
error e. Rigorous definitions are as follows. 

Definition 7 A tripartite state p^^^ is said to be e- 
recoverable from BC if there exists a quantum operation 
TZ : B —>■ AB such that 

pABC e-recoverable from AB if there exists a quantum 
operation TZ' : B ^ AB such that 

\\p^B<=^ -n'{p^^)\\^ < e. 

Definition 8 A tripartite state p"^^^ is Markovianized with 
the randomness cost R on A, in terms of recoverability from 
BC, if it holds that: for any e > 0, there exists rie such that 
for any n > we find a random unitary operation 

V„ 

fc=i 

on A", so that is e-recoverable from 

This allows us to define the Markovianizing cost of p^^^ 
in terms of recoverability from BC as := 

inf{i? I p^^^ is Markovianized with the randomness cost R 
on A, in terms of recoverability from BC}. 

We also consider a Markovianization induced by a measure¬ 
ment, supplemented by auxiliary entanglement resource. 

Definition 9 Consider a tripartite pure state and let 

Aq and C be additional quantum systems. Suppose that for 
any e > 0, there exists rie such that for any n > n^, we hnd 
a pure state \Qn)^°^ a measurement on AAq, which is 
described by a set of measurement operators }feGK, 

satisfying the following conditions: 


B B 




Fig. 2. A graphical representation of Markovianization of a pure state by a 
measurement with an auxiliary entangled resource. After the measurement, 
the reduced state on A'BC should be an approximately recoverable state. 


1) The measurement does not significantly change the 
reduced state on BC on average, i.e.. 


l^Pk 

fcGK 




BC 


< e, 


( 12 ) 


where pk is the probability of obtaining the outcome k, 
and T'fc is the post-measurement state corresponding to 
the outcome k. 

2) The post-measurement state is approximately recover¬ 
able on average, that is, there exist linear CPTP maps 
TZn.k ■ B -A BC {k € K) satisfying 


E 

keK 


Pk 




A'BC 




< e. 


(13) 


3) The correlation between BC and G produced by the 
measurement is at most nR bits in QMI, that is, 

I{BC : G)av ■■= Y^PkHBC : < nR. 

fcGK 

Then Markovianized with the correlation 

production R by a measurement on A, in terms of recover¬ 
ability from AB. 

Correspondingly, the measurement-induced Markovianizing 
cost of terms of recoverability from AB is defined 

as := inf{i? | is Markovianized with 

the correlation production i? by a measurement on A, in terms 
of recoverability from AB}. 


The two types of Markovianizing costs dehned above are 
equal to that in Definition for pure states, if we impose an 
additional requirement on the convergence speed of the error 
in Dehnition | fT4l . 


Theorem 10 (Theorem 11 and 14 in |14|) For any tripartite 
pure state we have 


if we additionally require in Definition that 


), (14) 


lim e • rig = 0. (15) 

e-lO 
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Fig. 3. State merging is a task in which Bob transfers his share of 
to Alice. R is an inaccessible reference system. For the sake of presentation, 
we consider Bob as the sender and Alice as the receiver. 


Fig. 4. A graphical representation of a task that we analyze in Section|^ The 
task is to destroy con'elation between ARj\ and BRq, while preserving the 
maximal entanglement between AB and RaRb- A certain amount of shared 
entanglement must be consumed to accomplish this task, since reference 
systems Ra and Rq are inaccessible. 


The following lemma relates the Markovianizing cost to other 
entropic quantities characterizing the state transformation in¬ 
duced by a Markovianizing measurement. 


Lemma 11 (See Appendix |B-B for a proof.) There exists a 
nonnegative function ^{S), such that lim5^oC((5) = 0. ^nd for 
any n € M, e > 0, 5 € (0, 1] and }k satisfying 

e ‘ n < S and Inequalities © and ([T3 ]i, we have 


for 

p(Af) 

K and L are natural numbers, and and are the 
maximally entangled states with the Schmidt rank K and L, 
respectively. C is the total amount of classical communication 
transmitted from Bob to Alice in Af, measured in bits. 


H{{pk}keK) 

> AS{A')av > ASiA')av-ASiG)av 

> nMAiR{'i'^^^)-ni{S), (16) 

where 


A5(A')a. 

:= nS{A) + S{Ao)g^ — 


k^K 

^S{G)av 

■■= S{G),„-J2s{Gh,. 


fcGK 


There always exists a state merging with an error determined 
by the initial state. The following theorem is obtained as a 
corollary of Proposition 3 and 4 in pS) by letting L = 1. 

Theorem 13 Let := (Tr[(T'"^)^])“^ and := rank[T'^]. 
There exists a state merging of 'k with entanglement cost 0, 
classical communication cost C = log rg and error 

e<2y/2{^dR/DA + l/r^Y^^. (18) 


Remark. It has been left open whether Equality ( [l4j l holds 
when we remove Condition ( [T5| ). See Conjecture 13 of GD- 

B. State Merging 

Suppose Alice and Bob share a tripartite pure state 
with an inaccessible reference system R. State merging (fn), 
GD) is a task in which Bob sends his share of T' to Alice 
so that Alice has both A and B parts of T*, or equivalently, 
so that Alice has the whole part of the purification of 
(See Figure For later convenience, we exchange roles of 
Alice and Bob in the standard formulation.) Our concern is 
the cost of entanglement and classical communication required 
for state merging. A rigorous definition is given as follows. 

Definition 12 Consider a tripartite pure state Let 

Alice and Bob have quantum systems {Ab,Ao,Ai} and 
{Bq,Bi], respectively, where Ar is assumed to be identical 
to B. The following protocol M consisting of a sequence of 
quantum operations is called state merging of 4/ with error e, 
entanglement cost log K — log L and classical communication 
cost C. Here, fif : AAqBBq —>■ AArAiBi is a one-way 
LOCC from Bob to Alice, such that 

> 1-e (17) 


It is also proved in | fT8| that the cost of entanglement and 
classical communication in a state merging are bounded from 
below as 

logK-log L>nSiB\A)^, C>nI{B:R)^, (19) 

when e is sufficiently small. See Appendix |B-C| for details. 

V. Single-shot Two-Round Protocols 

In this section, we consider n = 1 (single-shot) case, and 
analyze a single-shot protocol Ai for implementing U by two- 
round LOCC assisted by shared entanglement. The results 
obtained here are then applied to the asymptotic situation in 
Section 

Let Ai : AAq®BBq -a AAi®BBi be a two-round LOCC 
protocol for implementing U. Ai succeeds in implementing U 
with high fidelity, if 

> 1-e (20) 

for some small e, where 
p{Ai) := 

and i^res is a pure resource state shared in advance. Since we 
have 4)^0 4)^ = 4'^^, and all purifications are equivalent up 















B 


to local unitary transformations, there exists a unitary U on 
RaRb such that 

Applying on both sides yields 

= (21) 

which leads to 

_ ^RaRb pI^J^'^ARaBRbjj^RaRb 


Note that M. does not act on RaRb- Therefore, due to the 
unitary invariance of the fidelity. Condition (201 is equivalent 
to 

> 1-e. (22) 


While |<i>d)|‘&d) obviously has no correlation between ARa 
and BRb, l^'r/t) has a certain amount of entanglement 
depending on Thus, for a given initial state and 

a resource state |(^res), a successful protocol Ad decouples 
ARa and BRb while preserving the maximal entanglement 
between AB and RaRb (Figure |^. Observe that both |T'( 7 t) 
and I I are maximally entangled states between AB and 
RaRb with Schmidt rank (P. 

The main goal of this section is to derive conditions on 
operations that comprise Ai, for the protocol to succeed with 
high fidelity. It turns out that any successful protocol can 
be described as a combination of Markovianization and a 
subsequent state merging. Consequently, as we describe in 
detail in Section |Vl] the minimum cost of resources is derived 
by combining results on Markovianization and state merging 
presented in Section 

In the following, we fix a unitary U acting on AB, and 
denote simply by T'. Without loss of generality, we 

assume that the two-round protocol Ad proceeds as follows 
(Figure |^: 

1. Alice performs a measurement on AAq, which is de¬ 
scribed by a set of measurement operators M = 

}fe, and obtains an outcome k. 

2. Alice communicates k to Bob. 

3. Bob performs a measurement on BBq, described by 

Nfe = and obtains an outcome 1. 

4. Bob communicates I to Alice. 

5. Alice performs an operation which is described by a 
linear CPTP map Oki ■ A! —> AA\. 

Flere, Al is the output system of Alice’s measurement such 
that 

dimTT^ < dirndf"^ x dim'H'^°. (23) 


IV 


We denote the set of outcomes of Alice’s measurement by K. 
(See Remark at the end of Appendix D-A for a treatment of 
protocols in which not all information about the measurement 
outcome k is communicated to Bob.) 
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Fig. 5. A graphical description of how the two-round protocol A4 proceeds. 
The black lines represent quantum systems, the two dotted lines indicate clas¬ 
sical communication, and the three boxes represent quantum measurements 
and operations. 


A. Conditions on Aliceas Measurement 

Let us first discuss general conditions regarding state trans¬ 
formations by Alice’s measurement. For a fixed </)res, and 
for any linear operator M : 1-i^ (g) 1-i^^ —)• 1-L^' such that 
MtM < I, we define a map Sm by 

£m(t) := ® 

PM :=Tr[M(r^®<^;t)Mt]. 

We call 8m as an M-induced map. M is supposed to be an 
element of M, in which case pM describes the probability 
of obtaining a certain measurement outcome corresponding to 
M. Note that pM depends on the input state r in general. 
Consequently, the M-induced map is not necessarily a linear 
map. The linearity of 8m is equivalent to the independence 
of Pm from t, which indicates that the measurement is 
oblivious to the input, in the sense that it does not extract any 
information about the input state. This obliviousness condition 
plays an important role in proofs of most of the lemmas in this 
section (as well as in flO)). Thus we introduce an equivalent 
definition of approximate obliviousness as follows. 


Definition 14 An M-induced map is (^-oblivious if it satisfies 


where := A measurement M is c- 

oblivious if an M^-induced map is <;fc-oblivious for each k 


We introduce some other conditions on Alice’s measurement. 
In the following, we denote 8m{'^) as T'm- 



















Definition 15 An M-induced map is fj,-decoupling between 
A'Ra and Rb if it satisfies 




A' RaRb 

M 


- 


A' Ra 
M 




M 


< M- 


(24) 


A measurement M is ^-decoupling between A'Ra and Rb A 
an Mfc-induced map is /ife-decoupling between A'Ra and Rb 
for each k and J^kemPkl^k < It- 


As in Definition we now consider B and Rb as a single 
system and regard ^ “tripartite” state on A', 

Ra and BRb- 


Definition 16 An M-induced map is v- Markovianizing from 
RaBRb if ^ii^RaBRb ly-recoverable from RaBRb, that 
is, if there exists a linear CPTP map IZ : Ra —t A'Ra such 
that 


y^A' RaBRb 
^ M 


7^(4' 


RaBRb ' 
M 


< R. 


A measurement M is v-Markovianizing from RaBRb if an 
Mfe-induced map is -Markovianizing from RaBRb for 
each k and Jf.keKPk’^k < v- 


Therefore, for the state we have I {A' : 

B\RaRb) = 0 due to the local unitary invariance of QCMI, 
as well as I{Ra '■ Rb) = 0. It follows that 

I{A': BRb\Ra) = I{A': Rb\Ra) + I{A'B\RaRb) 
= I{A'Ra : Rb) - I{Ra : Rb) 

= I{A'Ra:Rb), 


which implies the equivalence between the conditions of 
decoupling and Markovianizing under the condition of obliv¬ 
iousness. 

For rigorous proofs, we need to relax the “exact” condition 
(/i = = C = 0) to the “approximate” condition (p, v,<z > 0). 

See Appendices C-A| and C-B for details. 


B. Conditions for Achievability 

For the proof of the direct part of Theorem let us 
consider how to construct a successful protocol. Let i? be a 
register on Bob’s side which has a sufficiently large dimension. 
The following lemma states that Markovianization by Alice’s 
measurement is a sufficient condition for the success of the 
first half of M, in which is obtained from jT*). 


Definition 17 An M-induced map is i-Markovianizing from 
A'Ra if \^)^^aBRb (.-recoverable from A'Ra, that is, if 
there exists a linear CPTP map TV : Ra -a RaBRb such 
that 


RaBRb _(^^A^Ra-^ 


< L. 


A measurement M is t-Markovianizing from A'Ra if an Mk- 
induced map is z.fc-Markovianizing from A'Ra for each k and 

12keKPktk < t- 


The following two lemmas are at the core of the proofs of 
the main result, which translates the problem of finding the 
optimal costs for implementing a bipartite unitary to that of 
computing the Markovianizing cost of a particular state. 


Lemma 18 A measurement M is (3<t -I- 2zz)-decoupling be¬ 
tween A'Ra and Rb if it is (^-oblivious and z/-Markovianizing 
from RaBRb- 


Lemma 19 A measurement M is (<^-|-p)-Markovianizing from 
A'Ra if it is (^-oblivious and p-decoupling between A'Ra and 
Rb- 


Let us describe a simplified version of the proof of the above 
two lemmas in the case of p = v = = Q. The conditions of e- 

Markovianizing in Definition [T^ and are then equivalent to 
the condition that \iij^B.ABRB ^ Markov state conditioned by 

Ra- Suppose an M-induced map is 0-oblivious, which implies 

\Ra 
-M 


Using (|21|i, we see that 


yTiA"R aBRb itRaB-b f^A'R a 

^M ~ ^ \^M 


, ^BRb'^^'^RaRb 


(25) 


and consequently, 

YTT Ra Rb 
^ M 


(jRaRb^^Ra ^ ^Rb--^ij^RaRb 


( 26 ) 


Lemma 20 (See Appendix C-C for a proof.) Suppose that 
a measurement M is 0-oblivious and p-decoupling between 


A'Ra and Rb, p- G (0,1], and that depend 


-,A' RaRb 

k. Then, there exist pure states ^ ]^^,i\^A'R aBBRb 

and isometries \^RRo^bb ^ 

|$')(^'| _ (^P)A'RaB ^ ^BRb 


< 


(27) 


and = WkfftM^,) for any fc G K. In addition, |T'P) 
satisfies 




p\Ra _ jj.Ra 


< 3^, rank[(^P)^] < dimR^V 


The following lemma immediately follows from Lemma 18 
and|20] 


Lemma 21 Suppose that a measurement M is 0-oblivious 
and z/-Markovianizing from RaBRb, v G (0,1/2], and that 
does not depend on k. Then, there exist pure states 
\^p)A'RaB^ isometries g 

K) that satisfy 


|$')(^'| _ (^^P'^A'RaB ^ ^BRb 

\d>') = Wk\d>Mj (VfcGK) 


< 5^, 


and 

(vi/P)«A _ ^Ra 


< 3</^, rank[(^P)^] < dim-H^L (28) 


The task remaining after obtaining is to obtain 

from tripartite pure states , which is equivalent to 

performing state merging from Bob to Alice. Consequently, 
we can construct a successful protocol by combining Marko¬ 
vianization of jd/) and the subsequent state merging of 
from Bob to Alice. 





































C. Conditions for Optimality 

For the proof of the converse part of Theorem let us 
analyze conditions on Alice’s measurement imposed by ( |22) l. 
Let M = }fcGK be Alice’s measurement in protocol 

Af that satisfies ( |22| . First, conservation of the maximal entan¬ 
glement between systems AB and RaRb immediately implies 
that Alice’s measurement must be oblivious. Second, since the 
final state is close to correlation between 

ARa and is destroyed by Af. This part of decoupling 
must be accomplished by Alice’s measurement alone, which 
implies that Alice’s measurement must be Markovianizing due 
to Lemma [T^ Hence we obtain the following lemma. 


Lemma 22 (Appendices |D-A| and D-B| l The measurement! 
is 4^-oblivious and 12^-Markovianizing from A'Ra- 


Let us continue to analyze conditions on Bob’s measurement 
imposed by (j2^. Let Be be an ancillary system, and let 
Wk '■ BBq —> BBiBe be an isometry such that the 
Naimark extension of Bob’s measurement Nfc is given by 
Ni\k = Define := Wk\^k)- The following 

lemma states that Bob’s measurement is decomposed into two 
parts; (i) performing an isometry to obtain and (ii) 

performing a measurement on his share of a “tripartite” pure 
state on A', Ra and BiBe- 



Lemma 23 (Appendix D-C|l There exist pure states 


\s^I)A'RaB^Be g IK) such that 
Pk 4-;, - 


feGK 


I (^BRb 


< 4^. 


By the measurement on Be described by {|0(^|}i 
an operation on A' depending on k and I, the maximal 
entanglement must be obtained from RaB^Be_ 

This transformation is equivalent to state merging from Bob to 
Alice. Consequently, any successful protocol is described as a 
combination of Markovianization of |'I') and the subsequent 
state merging of |4'^) from Bob to Alice. 


VI. Proof of Theorem[5] 

Let us return to the asymptotic scenario and prove 
Theorem We consider protocols that transforms a 
state )AoBo jjjfQ 

as depicted in the right side of Figure ^ Con¬ 
ditions obtained in Section directly apply by the following 
correspondence; 

A,B,Ra,Rb^A,B,Ra,Rb, ^ 

fres ^ 4'ir„, T' ^ 4'®”, Ttd Trf ”. 

As presented in Section |V] two-round protocols for this task 
is decomposed into two steps (see the left side of Figure [^. 
The first step is composed of Alice’s measurement, forward 
classical communication and Bob’s isometry. Markovianiza¬ 
tion by Alice’s measurement satisfying the obliviousness con¬ 
dition is necessary and sufficient in order that Bob is able 


Fig. 6. The two-step protocol is depicted. Step 1: Markovianization by 
Alice’s measurement and an isometric operation by Bob, aiming at obtaining 
and Step 2: state merging from Bob to Alice, for obtaining 
In the proof of achievability, we consider a case where Ai = 
Bi = 0 and = ikP. In the proof of optimality, B' denotes a composite 
system B\Be, and {Aijn.}; is the projective measurement on Be in the 
basis {\l)}i. 


to obtain second step is composed of Bob’s 

measurement, backward classical communication and Alice’s 
local operation. To obtain it is necessary and 

sufficient that the second step implements state merging of 
a particular tripartite state. 


A. Direct Part 

We prove the direct part of Theorem We assume L„ = 1 
in Definition[T] i.e., we consider a case where no entanglement 
is left after the protocol. The proof is by construction. Take 
arbitrary R > small e, r > 0, choose sufficiently large 

n and let Kn = Divide the resource state as 

^ (29) 


Consider a protocol consisting of the following steps. 

1) Alice’s measurement; By Definition and Theo¬ 
rem there exists a random unitary operation V„ ; 
r !->• ^ that is e- 

recoverable from RaBRb. Using Vj in V„, construct 
Alice’s measurement M = as 


M, 


AAn—>A 




exp 


27rj k 

2nR 


01 ^“ 0 v( 



































M is 0-oblivious and e-Markovianizing from R^GRb- 
In addition, the reduced state of the post-measurement 
state on ARaRb does not depend on k. Indeed, we have 
Pk = 2“”-^ and 

Pk^Mkir^ (g) = V„(t) 

for /c = 1, • • • , 2”^. Alice performs the measurement 
defined above. 

2) Forward classical communication; Alice sends the mea¬ 
surement outcome k to Bob. 


for any k, and satisfy 




ARaB 


(f.®n\BRB 

’ 


(30) 

(31) 


\^P) 


A'RaB' ._ 


AqBq 


(32) 


B. Converse Part (Outline) 

We prove the converse part of Theorem by combining 


| |16[ ) and (19 1 . Suppose a rate triplet (E, Cf, Cb) is achievable 
by a two-round protocol. By dehnition, for any e > 0 and 
sufficiently large n, there exists a LOCC protocol Ain that 
satisfies Condition (|^. We then have 




(34) 


3) Bob’s isometry; Due to Lemma 20 there exist 
pure states \W)^^aB^ ]^^i\^ARaBBRb isometries 

IT-') 


for 


p{Mn, (7^) := Af 


corresponding to (22 1 . From Lemma [22] the map induced 


with a small error. Bob performs Wk- 
4) State merging; Alice and Bob perform state merging of 


where A! = AAq and B' = BBq. Alice obtains a 
purification of with a small error. 

5) Alice’s isometry; Alice performs an isometry and obtains 
within a small eiTor. 

The forward classical communication cost nCf is simply 
equal to nR bits. As for Step 4), we consider a state merging 
in which no entanglement is obtained afterward. Thus the total 
entanglement cost is equal to the amount of entanglement that 
Alice and Bob have initially shared, i.e., nE = n{R + r) ebits 
of ( p9] ). Applying Theorem [T^ and the rank inequality in ( |28| ) 
for T'P, the backward classical communication cost is bounded 
above by 

nCb < logrank[(^P)^'] = logrank[(^P)^]-bnr 
< logdim['H^°]-b nr = n(i?-|-r). 

In total, we have (E, Cf, Cb) = (R, R + r,R-\- r). 

The total error is evaluated by counting errors of ([30| l, © 
and one induced by state merging (see Appendix |E]for the 
detail). Due to Lemma 1^ the first two errors are bounded 
above by and 3v^ respectively. Theorem 13 implies 


by Alice’s measurement in Al„ is 4-^-oblivious and 12-^- 
Markovianizing from A'Ra- Then the first two conditions in 
Definition are satisfied by the following correspondence; 

A, B, C, Aq, G —> a, Ra, (BRb), Aq, Bq, 

I ABC ^ I (BRb)^ ^ ^ 

e ^ 8^. (35) 

In addition, e and n can be chosen for any small 5 > 0 so that 
it satisfies 

12^-n<,5, (36) 

due to Condition 0- Therefore, from ( fTb] ), we have 

Hi{pk}k) > ^S(A')av 

> AS{A')an-AS{Bo)av 

> nM{U'^)-nl{5). (37) 

The optimality of the forward classical communication cost 
immediately follows from nCf > H{{pk}k&K)- 

As for the backward classical communication cost, recall 
that Bob’s measurement is decomposed into an isometry op¬ 
eration for obtaining and a projective measurement 

on an ancillary system Be- The latter forms state merging 
of together with the backward classical communication 
and the subsequent Alice’s local operation. Thus the backward 
classical communication cost is equal to the one required 


that the merging error emerg is bounded as 

Cmerg _ ^ 

A simple calculation then yields an upper bound on the total 
eiTor etot: 

etot < 2^3^ -b 5^ -b 4-2-”’'/®. (33) 

Since e, r > 0 can be arbitrarily small, we conclude that a rate 
triplet [E,Cf,Cb) = {R,R,R) is achievable if i? > M{W). 


for performing state merging of Due to (19i with the 


correspondence A —> A', B -A BiBe and R -A Ra, the 
cost is given by I{BiBe '■ Ra)^^- Because of AS{A')av ^ 
nM{W) in ( |37[ ), this cost turns out not to be smaller than 

nM{W). 

The amount of entanglement obtained after state merging 
is bounded by (19l as logL„ < —S{BiBe\A'),^p, which 
implies the optirnanty of the total cost of entanglement when 
combined with AS'jA'jai, — AS(Bo)av ^ nM{U'^). See 
Appendix for a detailed proof. 









VII. Properties oe the Cost 

In this section, we investigate properties of the Markovian- 
izing cost of unitaries. The results obtained here will be used 
in the next section for analyzing examples. 

Consider a tripartite pure state defined by 

The Petz recovery map TZy : A A{BRb) correspond¬ 
ing to is defined by 

nu{T) = 

for r G SiPL^) p~^ . Define CPTP maps Su and Sjj oo on Gl 
by 

1 ^ 

'■= AtbRb °T^u, £u,oo ■= lim ^ (38) 

N—poo I\ 

n—1 

and consider the states 

^ARjBRb 

:= (39) 

As we prove below, the map Su is self-adjoint in the sense 
that Su = Sy. Therefore, due to Theorem 9 in p^ , the 
Markovianizing cost of U is given by 

M{u) = 

which can be computed by a finite-step algorithm proposed in 
GD (see Section III therein). Due to the unitary invariance of 
the von Neumann entropy, it immediately follows that 

M(C/) = 5(<t")- (40) 

As a consequence, the Markovianizing costs of unitaries Ui 
and U 2 are equal if they are local unitarily equivalent, that is, 
if there exist unitaries v, v' on and w, w' on PL^ such that 

Ui = {v ® w)U 2 (v' ® w'). 

Let us also analyze the Schmidt strength of unitaries. 
Consider Decomposition ([^ of a bipartite unitary U. A CPTP 
map Su defined by (j3^ takes the form of 

Su{t) = Y. cIcI,eIe,,tEI,E, = Y ( 41 ) 

ss' ss' 

where we introduced notations Css' '■= CgCg' and Ess' '■= 
EIEs'. It is straightforward to verify that Su is self-adjoint, 
that is, it satisfies 


Su{T)=S*u{r) :=Y^ls'ElrE,s'. 

ss' 


Due to the 

orthonormality of {Es\^f)^^^}s 

and 


which follows from (^, the 

eigen 

decomposition of ^ is given by 


^ARa 

d^-1 

s^O 

(42) 

Thus we have 



K{U) = S{ARa)^,b- 

(43) 


The following lemma provides a lower bound on the Marko¬ 
vianizing cost of unitaries. 


Lemma 24 M{U) > K{U) holds for any bipartite unitary U. 


Proof: Define quantum operations e and e* on SifPiA by 
At) = Y^^sEstEA e*(r) = YAsEItEs. 

s s 

From ( [ 4 ^ and (43 1 , the Schmidt strength of the unitary is 
given by 


K{U) = 5(e^(|$d)($d|^'^^)). 


(44) 


It immediately follows from ( pT) that Su = e* o e. We have 

e(r) = 
e*(r) = 

due to ([^ and (j^, which implies that e and e* are unital, i.e., 
e(/) = e*{I) = I. Therefore, owing to the monotonicity of 
the von Neumann entropy under unital maps, we have 

5((£:[j)^(|<I>d)(<i>d|^'^'")) > ^(e^(|<i>d)(4>d|^«-^)) (45) 


for any n > 1. Due to Definitions ( [38l l, ( [39l l and the concavity 
of the von Neumann entropy, we obtain 


1 


N 


- Y ^((f^)^(|4>d)($,|^«-)). (46) 


Expressions (40 1 , (44i, (45l and (46i yields M{U) > K{U). I 


VIII. Examples 

In this section, we consider two classes of bipartite unitaries 
and compute their Markovianizing costs. 

A. Two-Qubit Unitaries 

It is proved in GD that all two-qubit unitaries are classihed 
into the following categories; 

1) Unitaries that can be written as a tensor product of local 

unitaries as U = ®u^. We do not consider this type 

of unitaries because of its triviality. 

2) Unitaries that can be written in the form of 

U = cos ® A + i sin erf (g) trf (47) 

up to local unitaries, where 9 G (0,7r/2]. Controlled- 
unitary gates are examples of such unitaries. 

3) Unitaries that can be written in the form of 

U = A® A + Cl trf O af 
-l-C2e*®^(Tf g af + (Ty ® dy 

up to local unitaries, where Cs,9s G K (s = 0,1, 2, 3) 
are nonnegative real parameters satisfying X]s=o A — 1- 
All two-qubit unitaries that are not classified to the first 
two categories are of this category. 









Let us consider unitaries of the form ( |47| ), which is local 
unitarily equivalent to the following controlled phase gate: 


Ue = |0)(0r 0 /" + |1)(1|"^ 0 


We have 


Co = cos (0/2), Cl = sin (0/2), 


■-00 


+ c?i = i(l + cos2 0), c^i +c^o = 


= -sm 


^^0 = -Fo = I, El = cr^, Fi = icr^, 

Eoo = Ell = I, Eqi = Eio = Gz- 

Thus a map corresponding to ( [4T] i is given by 

1 + COS^0 1.2/, 
t(r) = -^- • T + - sin 0 • GzTGz, 

which leads to 

f( 7 ,oo(T) = \{'r + GzTUz) = |0)(0|r|0)(0| + |l)(l|r|l)(l| 


from 


. Hence we have 


<t" = i(|0)(0|®|0)(0| + |l)(l|®|l)(l|) 


1 


corresponding to (39i, which implies M(U) = 1 due to (40 1 . 
Consequently, we obtain the following theorem: 


Theorem 25 A rate triplet {E,Cf,Cb) is achievable by two- 
round protocols for implementing a two qubit controlled- 
unitary gate only if E,Cf,Cb > 1, if we additionally require 
in Dehnition 1^ that Condition (0 holds. 

The above theorem implies that, counterintuitively, at least 1 
ebit of entanglement consumption per copy is necessary for 
implementing two-qubit controlled-unitary gate by two round 
protocols, regardless of how close the unitary is to the identity 
operation (i.e., regardless of how small 0 is). In pO) , we prove 
that a certain class of two-qubit controlled-unitary gates can be 
implemented by a /owr-round protocol with the entanglement 
cost strictly smaller than 1 ebit per copy. Thereby we reveal 
a trade-off relation between the entanglement cost and the 
number of rounds for a LOCC task. 

B. Generalized Clifford Operators 

The generalized Pauli operators Gpq (p, g G {1, • • • , d}) on 
a d-dimensional Hilbert space is defined as 

d d 

CTpO p){t\: croq ■■= 

t=l t=l 

^pq •— ^pO^Oqi (48) 

with a fixed basis Here, subtraction is taken with 

mod d. A bipartite unitary U is called a generalized Clifford 
operator if, for any p, q, r and s, there exist p', q', r', s' and 
a phase 9pqrs € K such that 

U{apq ® ars)U^ = ap'q! ® Ur's’- 


The Markovianizing cost of generalized Clifford operators can 
be simply computed by the following theorem, a proof of 
which will be given in Appendix [G| 


Theorem 26 M{U) = K{U) holds for any generalized 
Clifford operator U. 


As a corollary of Theorem and 26 the Schmidt strength 
K{U) is equal to the minimum cost of entanglement and clas¬ 
sical communication for implementing generalized Clifford 
operator by two-round protocols under additional assumption 
0 - A stronger statement, represented by the following theo¬ 
rem, immediately follows from Theorem and 


Theorem 27 The following statements hold for any general¬ 
ized Clifford operator U and r > 2. 

• Direct: A rate triplet {E, Cf, Cb) is achievable by r-round 
protocols for implementing U if E,Cf,Cb > K{U). 

• Converse: A rate triplet {E,Cf,Cb) is achievable by r- 
round protocols for implementing U only if E,Cf,Cb > 
K{U). 


IX. Open Problem 


We have derived a converse bound on the cost of entangle¬ 
ment and classical communication for implementing a bipartite 
unitary by two-round protocols. However, we do not know 
whether the converse bound remains to hold when we remove 
the additional requirement on the convergence speed of error, 
represented by Inequality Q. In this section, we investigate a 
relation between this open problem and another open problem 
regarding a property of approximate recoverability. 

In the proof of the converse part. Condition (|7]) is exploited 
in the form of Inequality ( [3^ . This inequality is required to 
derive ( 0 , in which an error term depends not on e but on 
S. The (^-dependence of the error term originates from that 
in Inequality (1^, and the latter arises due to the fact that 
Condition ([15 ( is required to prove (14i. In summary, we 
require Condition (j^ to prove the converse part of Theorem 
[5] because we require Condition (jTSjl to prove ([T4i. 

In (14), we proved that Condition ( [T5] l in Theorem[^can be 
eliminated if a conjecture about approximate recoverability is 
true. The conjecture states that a tripartite quantum state 
is approximately recoverable from by an operation from 
TZ : B ^ BC if it is approximately recoverable from p^^ by 
an operation TZ' : B ^ AB, up to a dimension-independent 
rescaling of etTor of recovery. A rigorous statement is as 
follows: 


Conjecture 28 (Conjecture 13 in flT) ) There exists a nonneg¬ 
ative function g{e), independent of the dimension of quantum 
systems and satisfies lime_>o g{e) = 0 , such that the following 
statement holds for an arbitrary tripartite state p^^'^ and 
e > 0: The state is 5 (e)-recoverable from BC if it 

is e-recoverable from AB. 
















Condition 0 in Theorem can be eliminated if the above 


conjecture is true. See also Appendix F-C 


X. Communication Power of a LOCC protocol 
In this section, we analyze classical communication power 
of a LOCC protocol with an arbitrary preshared resource state. 
The results obtained here will be used in the next section to 
prove Theorem]^ 

Consider the following scenario in which Alice aims to 
transmit nR bits of classical message to Bob by a bidirectional 
LOCC protocol that transforms a preshared quantum state 

• Alice and Bob initially share a bipartite quantum state 

• Alice is given an array of uniformly random classical bits 
X = Xi • • • 

• Alice and Bob transforms p^^ by an LOCC protocol. 

• Alice’s operations during the protocol, as well as the 
message from Alice to Bob, may depend on X. 

• After the completion of the protocol. Bob performs a 
measurement on B to decode X. 

Let X' be the result of Bob’s decoding measurement. The 
decoding error is defined by 

Pe := Pr{X ^ X'}. 

In the following, we prove that the length nR of classical 
message X does not exceed the total number of classical 
bits transmitted from Alice to Bob during the protocol, if the 
decoding error is vanishingly small. 

Without loss of generality, we assume that the protocol 
proceeds as follows. Here, L is a natural number, and K^, 
Lj, K^, Lj are random variables which take values in finite 
sets ICy, C-y, ICy, Cy, tespectively. 

1) Alice and Bob recursively apply the following operation 
from 7 = 1 to 7 = L: 

a) Alice performs a measurement M.^ on her system 
and obtains an outcome Ky. 

b) Alice transmits a classical message to Bob. 

c) Bob performs a measurement N.y on his system 
and obtains an outcome Ly. 

d) Bob transmits a classical message Ly to Alice. 

2) Alice performs a quantum operation on her system. 

The total number of classical bits, transmitted from Alice to 
Bob during the protocol, is given by 

r 

Ctot :=^log|/C^|. 

7^1 

Let us introduce the following notations: 

,ky), ,Ly) 

In general, Alice and Bob’s measurement in the protocol, as 
well as classical messages, may dependent on the previous 




y i 'I' 





Fig. 7. A graphical representation of the 7 -th step in an LOCC protocol is 
depicted. We denote system A and B after the 7 -th step by A^y and B^ for 
7 = 1, • • • , r, respectively. 


measurement outcomes and messages in the following way 
(Figure |7]l. 

• M..y depends on {X, K'*~^, 

• N.y depends on {L^~^, k'^)- 

• ky depends on {X, K'^, 

• Ly depends on , k'^~^)- 

The following lemma states that the mutual information 
between X and all that Bob has after the protocol is bounded 
above by the total amount of classical communication trans¬ 
mitted from Alice to Bob during the protocol. See Appendix 


H-A for a proof. 


Lemma 29 The following inequalities hold; 

I{X ■.BT,L^,k^)<Ctou (49) 

nR<Ctot + KPe)PnRP,. (50) 

Here, h{x) is the binary entropy defined by 

h{x) := —X logx — (1 — x) log (1 — x), 




















and By denotes system B after the F-th step of the protocol. 


Remark. An upper bound on the classical communication 
power of a two-way LOQC (local operations and quantum 
communication) protocol, which is similar to (50 1 , has been 
proved in pT). 


XL Proof of Theorem[6 ] 

We prove Theorem in this section, based on the idea 
that the cost of entanglement and classical communication 
for implementing a unitary is not smaller than powers of the 
unitary for generating entanglement and transmitting classical 
information (fTO), fTTI , ||22)). 

Let us analyze power of a bipartite unitary for transmitting 
classical information. The following lemma states that the 
Schmidt strength is a lower bound on the classical commu¬ 
nication power of a bipartite unitary. See Appendix |H-B| for a 
proof 

Lemma 30 For any e G (0,1] and sufficiently large n, let L/n 
be a quantum operation on A"B" that satisfy 

F (p((^„), iT-c;)®") > 1 - e (51) 

for 

Then L/n has a capacity to transmit n{K{U) — e) bits of 
classical information from Alice to Bob up to an error 5^/e, 
when assisted by shared entanglement. 

Theorem]^ is then proved as follows. 

Proof of Theorem^ Suppose a rate triplet {E,Cf,Cb) is 
achievable. By definition, for any e > 0 and sufficiently large 
n, there exist Kn and that satisfy log Kn — log Ln = nE, 
and a LOCC protocol that satisfies (|^, with the forward 
and backward classical communication cost nCf and nCb, 
respectively. 

Define a quantum operation Ain on AB by 

TTA,BAMn(T^^ 0 “)]• 

Due to Lemma[3^ Adn has a capacity to transmit n{K{U) — e) 
bits of classical information from Alice to Bob up to an error 
5i/e, when assisted by shared entanglement. By definition, 
Ain has the same capacity. Applying Lemma [29] yields 

n{K(U) — e) < nCf + h(f)^/e) + ne{K{U) — e), 

which leads to 

(1 - e)iK{U) -e)<Cf + 

Since e > 0 can be arbitrarily small, we obtain C/ > K{U). 
Exchanging roles of Alice and Bob, we also have Cb > K{U). 


To prove E > K{U), we assume for simplicity that Kn 
and Ln is bounded above as 


log Kn , log Ln<n log K (52) 


with a constant k > 0. We quantify entanglement of states 
between systems ARaAq and BRbBq (or between ARaAi 
and BRbBi) by an entanglement measur e that satisfy asymp¬ 
totic continuity ( |231, see Appendix A-D i. We denote it by E. 
Since E is equal to the entanglement entropy for pure states, 
we have 


= nK{U) + logLn, 

^ logKn 

from (j4^. Due to asymptotic continuity. Condition (j^ and 
( [52| ) implies 

E(p(AAn)) > nK{U) log Ln - nS {2y/€) log {d'^nA, (53) 


where i5(e) is an n-independent nonnegative function that 
satisfies limc_j.o <5(e) = 0. Equality ([^ and the monotonicity 
of E under LOCC operations yield 

E{p{Mn)) < logKn. (54) 

Combining (j5^ and ( [54| , we obtain 

E =- {logKn - login) > K{U) - 6{2yA) log {d'^K^), 
n 

which implies E > K{U) by taking the limit of e —> 0. ■ 


XII. Conclusion 

We have analyzed distributed quantum computation in 
terms of quantum Shannon theory for the first time. We 
have considered an asymptotic scenario for entanglement- 
assisted LOCC implementations of bipartite unitaries. Eor 
protocols consisting of two-round LOCC, we have derived 
the achievable rate region for the costs of entanglement and 
classical communication under an additional requirement on 
the convergence speed of error. We have also derived a 
general lower bound on the minimum cost of resources. The 
results can be straightforwardly generalized for cases where 
A dluiH^. The problem formulated in this paper can 
be regarded as a quantum analog of ‘interactive coding for 
lossless computing’ in classical information theory p4). 
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Appendix A 

Mathematical Preliminaries 
In this appendix, we summarize technical tools that will be 
used in the following appendices. Eor the references, see e.g. 

|. See also Appendix A in GD for basic properties 
of quantum entropies which are not presented here. 
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A. Fidelity, Trace Distance and Uhlmann’s Theorem 

The trace distance between two quantum states p,a € S{'H) 
is defined by 




Tr 


y/{p-^W 


It satisfies 


0 < \\p-<j\\i<2 








and 


11/9-cr||i = 2maxTr[A(p-cr)], (55) 

where the maximization is taken over all linear operators A 
on % that satisfy 0 < A < /. 

For p,a,T G 3(71), we have 

I1p-t|1i < ||p-cr||i + ||cr-T||i, (56) 

which is called the triangle inequality. For two ensembles 
{Pi,Pi} and {pi,ai}, we have 


E 


Pi \\Pl - CTi 


ll> 




PiCTi 


(57) 


i ill 

The trace distance takes a simple form under tensor product, 
i.e., for any p,a G and r G S(7-L^), we have 

||p^(g)r^-cr^(g)T^||i = \\p^ -a^Wi. (58) 


The fidelity between two quantum states p,a G 3(71) is 
defined by 


P{P, 0-) 




2 


and satisfies 


0 < F{p, a) < 1. 


The trace distance and the fidelity are monotonic under 
quantum operations, i.e., it satisfies 

\\p-a\\^>\\3{p)-3{a)\\j^, (65) 

F{p,a)<F{£{p),£{a)) 

for any p,a G 3{7-L) and any linear CPTP map £ : 3{7-L) -G 
3{7i'). In particular, the two functions are monotonic under 
under taking the partial trace, that is, for any p,cr G 3{7-L^ ® 
we have 

( 66 ) 

F{p^^,a^^)<F{p^,a^). (67) 

The two functions are invariant under unitary operations, 
namely, for any unitary U acting on 7i we have 

\\p-a\\, = \\UpU^ -UaU^\^, (68) 

F{p, a) = F(C/pC/^ f/CTC/1'). (69) 

The trace distance and the fidelity satisfy the following relation 
in general: 

1- y/F{p,a) < ^||p-cr||i < y/l-F{p,a). (70) 

Therefore, if F(p,<j) > 1 — e then ||p —cr||j^ < 2-y/e. 
Conversely, if ||p — cr lli< e then F{p,a) > 1 — e. 

Let us introduce two lemmas that will be used in the 
following Appendices. 


The fidelity takes a simple form for pure states as 


F{\P:)M)) = mcP)? 

(59) 

and 


F{P^ = {4^\p\(t>), 

(60) 

the latter of which yields 


^PkF{pk, !</>)) = F 1 ^PkPk, \(p) 1 
k \ k J 

(61) 


for any ensemble {pk,Pk}k- For 

Let IV^p), |'0cr) G 71^ ® 77^ be arbitrary purifications of 
p,<7 G 3{7i^), respectively. Due to Uhlmann’s theorem 1^ , 
we have 

F{p,a) = max|(i/:p|(/^ O VF®)|V’<t)|^ (62) 

w 

= max|(V^p|V^;)p. (63) 

Here, the maximization in the first line is taken over all 
unitaries W acting on 77^, and that in the second line over 
all purifications \ip'^) G 77^ ® 77^ of a. It immediately 
follows that, for an arbitrary pure states jT*) G 77^ ® 77^ 
and \(j)) e 77^, we have 

F (vk^, |<^)) = max F (|vI/)^«, \cl>)^\p)^) , (64) 

where the maximization is taken over all pure states on system 
B. 


Lemma 31 For any two bipartite pure states Itjj) G 77^®77^ 
and \(j)) G 77^ 0 77^ that satisfy 

<e, (71) 

the following statements hold: 

1) There exists a linear CPTP map T \ B ^ B' that 
satisfies 


\\n\m\)-\4>m\\i<‘^v~e. m) 

2) If dimTf^ < dimTf^ , then there exists an isometry 
W : 77^ —>■ 77 P that satisfies 

IL|V')(V'|VF^ - \m\ < (73) 


Proof: To prove 2), let \'ip) G 77^ 0 77^ be a purification 
of Since all purifications are equivalent up to a local 
isometry, there exists an isometry I L 1 : 77^ —>■ 77^ that 
satisfies lLi|'0) = \'f). From (711 and (70i, the states satisfy 




Due to (591 and (62 1 , there exists a unitary W 2 acting on 77 
such that 


F(lL2|^),|.^))>l-e. 
Using ( |70l l once again, we obtain 

W2Wi\'4}){ii)\wlwl - 


B' 


1U2|^)(^|1UJ - 


< 2v/e, 



























which implies (731 by W := W 2 W 1 . 

To prove 1), let B" be an ancillary system such that 

dimH^ < dim-H^' x dimH^". 


Due to 2), for any \Lp) G % there exists an isometry W : 
-G Ti.^' 0 T-L^" that satisfies 




< S^e. 


Define a linear CPTP map T : B ^ B' hy 
r : T ^ TTB"[WTW'f]. 
From ( |74l l and ( |66l l, we obtain ^T7\ . 


(74) 


B. Gentle measurement lemma 

The gentle measurement lemma (Lemma 9.4.1 in p^ ) 
states that for any p G S{'H), X G C{'H) and e > 0 such 
that 0 < X < I and Tr[pX] > 1 — e, we have 


VxpVx 

Tr[pX] 


< 2Ve. 


Let us introduce extensions of the gentle measurement lemma. 
Although similar lemmas have been used in the literature, we 
provide rigorous proofs for completeness. 


Lemma 32 For any p € S{'H), X,Y G C{H) and e G [0,1] 
such that 


o<a:</, Q<Y < I 

and 


Tt[pX] > 1 - e, Tr[py] > 1 - e, 


define 


Dxy 

PXY 

Then we have 


Ti[VyVxpVxVy], 

VyVxpVxVy 

Dxy 


Dxy > ^ —‘2's/e, \\p — Pxy\\i < 5-^. 


(75) 


Proof: Define 

VxpVx 

■“ Tr[VXpy/X]' 

Due to the gentle measurement lemma. Condition ( [75] l implies 

\\p- PxWi < 2v^. 


Consequently, we have 

Dxy = 


> 

> 


Tt[pxY] 

Yt[pY] - ^ ||p- pxlli 

1 - e - yi > 1 - 2yi, 


where the second line follows from ( |55| l, which leads to 

\\px - PxyWi < 2^2Ve 
by ( [75| ). Thus we obtain 

\\p-Pxy\\i < \\p-px\\i + \\px - PxyWi 

< 2ye + 2y^^<5^. 

■ 

Lemma 33 Suppose p,a G 5(7f) satisfy ||p— cr||i < e. Let 
{^t}f=i be the eigenvalues of a sorted in decreasing order, 
where d := dimTf, and let 

d 

be the eigen decomposition of a. Define a projection operator 

rank[p] 

n:= E l*X*l- 

i=l 

Then we have 

Trpcr] > 1 - e. 

Proof: Let lip be the projection onto supp[p], and Ftp be 
that onto its orthogonal complement (i.e., 11^ = / —lip). Then 
we have 

e > ||p-cr||i > ||p-npcrnp-n^crn^||^ 

= ||p-npanp||^+Tr[n^a] > l-Trppa], (76) 

where the second inequality follows from the monotonicity of 
the trace distance under a linear CPTP map defined by 

T —>■ IIpTlIp + n^rii^. 

We also have 

rank[p] 

Tr[na]= 5] At 

rank[p] rank[p] 

= ^ At(*|np|i)+ ^ At(i-(*|np|*)) 

rank[p] rank[p] 

> 5] At(*|np|*) + Ai,,[^, ^ (i-(*|np|*)) 

rank[p] d 

= ^ At(*|np|*) + Ai,,[^] ^ (*|npK) 

i—'i- 2=rank[p] + l 

d 

>5]At(*|np|*)=Tr[npa], (77) 

i=l 

where the fourth line follows due to 

d 

^(f|np|i) = Trpp] = rank[p]. 

i=l 

From ( [76] l and ^Tf\ , we obtain 

Trpa] > Trppcr] > 1 - e. ■ 















C. Continuity of Quantum Entropies 
Define 

, , I —X logo; {x< 1/e) 

{.x> 1/e) 

and rj{x) = a; + rjo{x), where e is the base of the natural 
logarithm. Define also 

h{x) := —x\ogx — {1 — x) log (1 — a:). 


For two states p and ct in a d-dimensional quantum system 
{d < oo) such that \\p — cr||i < e, we have 

|S'(p) - S'(cr)| < elogd + ??o(e), (78) 

which is called the Fannes inequality ED- A simple calcula¬ 
tion then yields 

\S{p)-S{a)\< pie) log d. (79) 

For two bipartite states p,a G S{%^ ® H^) such that \\p — 
ct||i < e < Ij we have 

\S{A\B)p - SiA\B)^\ < AelogdA + 2/i(e). 

This inequality is called the Alicki-Fannes inequality | |^ , and 
leads to 


D. Entanglement Measures 

A function E : SiH^ 0 H^) —>■ [0, c») is called an entan¬ 
glement measure if it satisfies the following three properties 


1) If p is a pure state on AB, then E{p) = S{p"^). 

2) If p is a separable state on AB, then E{p) = 0. 

3) E{p) does not increase on average under LOCC, i.e., if 

an ensemble {pi,pi\ {pi S is obtained 

from p e S{T-L^ ® Td^) by an LOCC transformation 
between A and B, then '^iPiEipi) < Eip). 

An entanglement measure E is said to be asymptotically con¬ 
tinuous, if there exists an n-independent nonnegative function 
(5(e) that satisfies lime_j.o5(e) = 0, and it holds that 


Eip) - Eia) 


< (5(e) logdAds 


for all p,a G SiT-L^Ci'H^) satisfying ||p —(j||i < e. Examples 
of asymptotically continuous entanglement measures are 
entanglement of formation p3[ , the relative entropy of 
entanglement p5|-p7) and squashed entanglement 


\SiA\B)p - SiA\B)^\ < 477 (e) logd^. (80) 

Note that the upper bound in ( [ 8 OI 1 does not depend on ds- As 
a consequence, we have 

\IiA: B)p-IiA: B),\ 

< |5(A)p - ^(A),| + \SiA\B)p - SiA\B)^\ 

< 577 (e) log dA- (81) 

The following lemma will be used for evaluating average 
errors. 


Appendix B 

Proofs of Inequality Lemma[TT|and 
Inequalities ([H 

A. Proof of Inequality 0 

We prove that ConditionJ^ implies Q. Due to the unitary 
invariance of the fidelity ( |6^ we have 

F(p(7W„,7)-),((7®"|7/))^^|$iJ^‘>^«) 


Lemma 34 Let c S (0, 00 ) be a constant, / : [0, c] —>■ K be a 
monotonically nondecreasing function that satisfies /(c) < 00 , 
and {pk}kGK be ^ probability distribution on a countable set K. 
Suppose Cfc (fc G K) satisfies G [0,c], and < e 

for a given e G (0, c^]. Then we have 

Pkfiek) < /(Ve) + /(c) • Ve. (82) 


Proof: Define K(A) := {k G 

K 

Cfc 

< A}. For any f > 0, 

we have 





H Ffc = 

- E 

te 

Pkti 

1 

^ E p^^^ 

fceK\K(ie) 

feeK\K(t£) 



fcGK\K(ie) 

< 


< 

1 

f’ 



feGK 



and consequently. 






E Pkfi^k) 

+ E Pkfi<^k) 


A:GK(te) 



fcGK\K(te) 

< 

/((.)+ ‘f 



Choosing t = 1/X’ 

we obtain ( 

82 

1 . 

■ 


and 

= EiU'<‘^"piMn)U^'^, 

(84) 


Since the “expected fidelity” is always greater than or equal 
to the “entanglement fidelity” (see e.g. Section 9.5 of p9)), 
we have 


p(d7/) F(C7t®X7C(„,7/;)C/®", |7/;)^®|$iJ^“^‘') 


/ Haar 


(85) 


Inequalities ([83]l, (84i, (85i and Condition Q implies Q. 


B. Proof of Lemma 11 

Let V : AAq —> A'Eq be an isometry such that the Naimark 
extension of {Mk}kGM. is given by Mk = ik\^°V, and let 

^jfA'Eo |/fc)(fc|^“F((^®")^ 0 g^°)V^\k)ikf°. 

kGK 









We have 


H{{pk}keK) — S{Eq)-.},i — S{A' Eq)-^i — 

> ^ ^ PkS{A )pi_ = AS'(A )ave^ 

fceK 


C. Proof of Inequalities 

The following theorem is essentially the same, but techni¬ 
cally different from what is proved in tni- We give a rigorous 
proof for completeness. 


where the second line follows due to the von Neumann entropy 
nondecreasing under dephasing operations. Hence we obtain 
the first inequality in ([T^. The second inequality is due to 
AS{G)av > 0, which follows from the subadditivity of the 
von Neumann entropy. 

As for the third inequality, we first prove that there exists a 
nondecreasing function 77 (e), satisfying limc_j.o 77 (e) = 0, such 
that 


A5(A')a.e - ASiG)ave 
> I{BC :G)ave-nfi{e)\og{dBdc)- 


Define 



\BC 


- T' 


BC 


1 


Using (|78|), we have 


AS{A')k — nS{A)xi/ + S{AQ)g^ — S{A')-.j,^, 

= S{BC)^^r, + S{Ao)g^ - S{BCG)^, 

> S{BCh, + SiAo)g„ - SiBCGh, 
-np{ek)log (dsdc) 

= S{Ao)g„ - S{G\BCh, - nrj{tk) log {dsdc) 
= S{G)g^-S{G)^,+I{BC-.Gh, 

-np{ek) log (dsdc) 

= AS{G)k +I{BC : G)^fc - nr]{ek) log {dsdc), 


where, in the fifth line, we used the fact that is a pure state 
on AqG. Averaging over k, we obtain 

AS{A%,e - AS{G)ave 

- {HBC : G)v[/^ - ? 7 . 77 (efc) log (dsdc)) ■ 

k^K 

Applying Lemma [^together with J2keKPk^k < e and efc < 2 
yields 

AS{A')a,e - AS{G)a., 

> /(BG : G)a„e - 7177(e) log (dsdc), 


where we defined 


i?(e) := 7 ?(v^) -f 77 ( 2 ) • Ve. 


Theorem 35 Let JV be state merging of T' with error e G 
(0,1/4]. Entanglement cost and classical communication cost 
of JV are bounded below as 

log AT- log L > S{B\A)q, - ri'{2yJe) log {dnE), 

G > I{B: R)^-5Tj{2V~e) log dn, 

where 

r]'{x) :=^p{x)+r]{2yJx)+ri{2)yfc. (88) 


Proof: Without loss of generality, we assume that the pro¬ 
tocol JV consists of (i) Bob’s measurement described by 
communication of I from Bob to Alice, and 
(iii) Alice’s operation described by a CPTP map Oi : AAq -g 
AAbAi. The final state is given by 

p^j^)AAnRA,B, ^ (gq) 

I 


where 


PI := ||A,|vl/)|<l>^)||2, Ivp;) ■.= pf^/^Ni\^)\<^K) 


and T'/ := G;(T';). From (17l and (70l, we have 

^2v^. (90) 

Define 


U := 


\p, _ i^AAbR ^ ^ AiBi 


(91) 


and 


fi := 


for each 1. Due to the convexity of the square function. 
Inequality ( [70| , Equalities (j6T]l, (jS^ and Inequality (17i, we 
have 



< 4^p;(l-/i) 

I 


= 4- 4F(p(jV), 


which yields 

'^Piei< 2sfe. 
i 


Second we prove that there exists a function ^(d), satisfying 
lim 5 _i.oC(d) = 0, such that we have 

I{BC : G)a.e > - <(d)log(d^dBdc). (86) 

This simply follows from the results in | |T4| (see Theorem 15 
and Inequality (66) therein). Defining 


i{ 6 ) :=^(d) +77(d), 


(87) 


and noting 77(e) < 77(d), we obtain the last inequality in (16 i.l 


Consider the following protocol, which is as a whole 
equivalent to the protocol described above. 

1) Bob performs a CPTP map £i : BBq -a BiG defined 

by £i[t) = ® NixNj. The state after this 

operation is T*' = ^iPi\l){A^ ® |'I';)(T'/|"^^“^i'^. 

2) Bob transmits system G to Alice. 

3) Alice performs a CPTP map £2 '■ GAAq -a AAbAi 

defined as £’ 2 ( 7 ') = The state 

after the operation is £ 2 ( 47 ') = p{JV). 














By the chain rule and the data processing inequality, we have Thus we obtain 


2S{A)^, + 2\ogK 
= I{^AAq : 

> I{AAq : BiCR)^,. 

= I{AAo : C)^> + liAAo : BiR\C)^,^ 

> I{AAqC : B^R)^, - I{C : B^R)^, 

> I{AAbAi : Sii?)p(A^) — I{C : 

Due to Inequality (|90ll and ((8T]l, we have 


> 2S{R)^ - I{A: R)^-5r]{2y^)logdR 
= S{R)^^, + S{AR)^i, — S{A)^s, — 5r](2^)\ogdii 

= + S{B)^ - S{BR)^ - 5p(2ye) log dfl 

= I{B : R)^ - 5p(2Ve) logdfl, 

which concludes the proof. ■ 


I{AAbAi : 

> I{AAbAi : - 577 ( 2 Vi) log {duL) 

= I{AAb : Rh + - 677 ( 2 V^) log {duL) 

= 2S{R)^+2log L-5r){2^e) log (dRL). (93) 

From ( |90l l, ( |9T] l, ( [8T] l and Lemma we also have 
I{C : BiR)^, 

= SiBiR)^, - S{BiR\C)^> 

= S{B,R)p^^f)-J2piSiBiR)^^ 

I 

= S{BiR)p(^j^) - S{BiR)^0^^ 

+ Y,Pi (5(Bii?)^®$, - ^(Sii?)^,) 

I 

I 

< 2^p,p(2Vei)log(dj?L) 

I 

< 2 (^77 (2Vi) + 77 ( 2 ) • log {dRL). (94) 

From @ and we obtain 
log K — log L 

> S(Rh - S{Ah-Tj'{2yre) log (dRL) 

= S{ABh - SiAh - V(2Ve) log {dRL) 

= S{B\A)^-r,\2y^) log {dRL) 

for the entanglement cost. As for the classical communication 
cost, from and ( |8 T] i, we have 

2S{R)^ 

= I{AAb '■ R)^ 

< I{AAb : R)pi^M) + 57?(2Vi) \ogdR 

< I{AAfjC : R)^},' + 577 ( 2 Vi) log dR 

= I{AAo : R)^, + I{C : R\AAo)^> + ^>^{2^1) log dR 
= I{AAfy : i?)\i(0<i>^ + I{C : AAQR)qii 
-I{C : AAh^' + 577 ( 2 Ve) logd^ 

< /(A : ii),!, + S'(C')$/+ 5p(2Vi)logdH 

= /(A : ii)^+iF({p;}i)+ 5^(2Vi)logdfl• 

Here, the fifth line follows from the fact that Bob’s measure¬ 
ment does not change the average reduced state of AAgi?. 


Appendix C 

Proof of LEMMAfr8lfT9lAND[20l 


A. Proof of Lemma 

We prove that an M-induced map is (3c + 2 i 7 )- 
decoupling between A'Ra and Rr if it is c-oblivious and 


i 7 -Markovianizing from R^BRr, which implies Lemma 18 
Due to Equalities ([58]l, ( 681 , (25 1 and pT|), we have 




^ M 
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BRe 


-Ra 


I $ 


BRb 


fjRARB(^^RA ^ 
-IJRaRb (^t^Ra 


^BRs^^^j^RaRb 


I (^BRb 


)IJIR- 


aRe 


\^RaBRb _ ^/RaBRb 


Thus the condition of c-obliviousness is equivalent to 
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■^RaBRb \rRaBRb 

^ M ^ 


which implies 


A.RaRb _ ~Ra 
^ M 


-Rb 


< c 


and 


due to 


\\jR^ — 
^ M 


< 


— TT 

^ M ^d 


Rb 


< 


. From @ and it follows that 

Rb 


< 


^ M 
^ M 


-Ra 


- ^d^ 


^ M 


^Ra _ ^Ra 


^ M 


< 2^, 


and that 


(95) 


< 


< 


•^R'ARb _ 

^ M ^ M 

^RaRb _ ^Ra , 


+ 

3c. 


'P'?/ 

^ M 






^Rb 


(96) 



























































Suppose jy-recoverable from R^BRs- By 

definition, there exists a linear CPTP map TZ : Ra —> A'Ra 
such that 


Ra{BRb) 

^ M 




<B, 

1 


which implies 





< 


^A' RaRb 
^ M 


7^(^' 


RaRb 

M 


< V. 


(97) 


Due to ([65)t, Inequality ([96]t implies 


7^(^ 


RaRb 

M 


) - 0 M/ 


- M 


< 3c. 


From @ and we obtain 


< 






A' RaRb 

M 

A' RaRb 


- 


A'Ra 


M 


Kf 


< 


+ 

+ 

3c 


M 

n^M 

nK^) 

■h 2z/, 




RaRb 


) - 0 


- M 




- M 


^ M 


which completes the proof 


B. Proof of Lemma 19 


(98) 


We prove that an M-induced map is (c+p)-Markovianizing 
from A'Ra if it is c-oblivious and ^-decoupling between 
A'Ra and Rb, which implies Lemma 19 Let S : RaRb —> 
RaBRb be a linear CPTP map defined by 

S(t) = d? ■ 0 jB'^^^jRaBRb^^I ^ 


This is indeed CPTP since we have 
Tr[S(r)] = ^2 

= (F ■ (tt^^ 0 )] 

= Tr[r]. 

Using the relation 

(\^RaBRb^^^ 

1 

^ (^*RaRb(^^Ra ^ " 

= ^ u*RaRb^Ra ^ 

yd 

we have 

'^RaRb ^S^ARaRb"^ _ ^jARaBRb 


which leads to 

f^A'R aBRb _ '^RaRb (fu^'R aRb\ 

^M ~ ^ V^M )' 

It is straightforward to verify that a map IZ' : Ra —^ RaBRb 
defined by 

7^'(r) = 0 TT^^) (Vr G S{H^^)) 


is CPTP as well. Therefore, from ( |65] l, ( |56| l and ( [58] l, we have 

■^^RaBRb _'jzf-q,^RA-^ 

— 7:RaRb ^^A'RaRb'j _ ■^RaRb f^^A'R a ^ 7 ]-^®) 


< 

< 






A' RaRb 
M 

A' RaRb 

M 


- T- 


- T- 


A'Ra 

M 

A' R A 

M 


Ab 


T' 


M 


T' 


A'Ra 

M 


'i'Ff - 


^a'RaRb _q, 

^ M ^ M 


M 
A'Ra 


' M 




< <? + Ai, 


-Rb 


\IjRb _ ttR^ 


where the last line follows from the assumption and (95l. 


C. Proof of Lemma 20 


Suppose that an M^-induced map is /i^-decoupling between 
A'Ra and Rb for each fc G K, and that JFkeKPkPk < P- Due 
to (24 1 and Equality (62 1 , there exist pure states |'I'f 

and isometries {k G K) such that 

AIA'Ra = , AI)Rb = vpfi-, (99) 


where := WkAAiF- Suppose in addition that M is 0- 
oblivious. Then we have 


= 


-Rb 


( 100 ) 


for each k, due to ([95]l and ([9^. The latter of (1001 implies 


we can choose by an appropriate choice 

of Wk, since all purifications are local-isometry equivalent. If 
does not depend on k, neither does Thus 


-Mk 


the fc-dependence of and can be dropped by an 
appropriate choice of Wk for the same reason. Hence we 
obtain 


|^')(^'| _ (^P)A'BaB g 

for any fc G K, which leads to 


^BRb 


^BRb 


f: 2-^/ifc, 


< 


and 


(^')BB_(^p)B^^b <2^/7 


( 101 ) 


( 102 ) 


due to ( |66l l. 

Let {Ajbe the eigenvalues of sorted in de¬ 

creasing order, let 

dimB 

Apf = At|z)(i| 

2 = 1 


be the eigen decomposition of and define a linear 

operator H on by 

dimSo 

n:= E l*X*l- 
2=1 












































































Due to Lemma and ( |102| l, we have 

Tr[n(«'P)®] = Tr[(n® ® /®)((4'P)^ (g) Trf)] > 1 - 2 ^. 

(103) 

Note that, by definition, we have 

rank[(^'')^^] < dimSg x dimS. 

Define 

l|nB|tp)ll' 

From ( |103| l and the gentle measurement lemma, we obtain 

(104) 


A 


B 


|^P)(^fP| _ |^-P)(^fP| ^ < 2 \l2^. 


From (56 1 , (58 1 , (101 1 , (104i and /r G (0,1], we see that 

|^')(^'| _ (^P)A’RaB ^ ^BRb 


< 


|^')(^'| _ (^^iP^A'RaB ^ ^BRb 


HaB ^ ^JJHb _ 

^ + 2 '^ — ^(1 3” v ^) 

< 5^, 


P\A'RaB ^ 


which implies (27 1 . From (lOOl, = 4^^, (104i and (66i, 
we also have 

(^P)flA _ ^Ra 


< 2j2y/Ji<i^. 


A Ai 



◄ 


◄ 4", 


◄ 


kl 


◄ 4* 


kl 


Bi B 


Appendix D 

Proofs of Lemma|22]and[23] 

A. Settings 

As we described in Section |V] we assume without loss of 
generality that the protocol Ai proceeds as follows. (See also 
Remark at the end of this appendix.) 

I-l. Alice performs a measurement }feGK- The 

probability of obtaining measurement outcome k is given 
by Pk = ||A7fe|T')|^res)||i, and the state after the mea¬ 
surement is =p^^^^Mfe|4')|^res)- 
1-2. Alice communicates the measurement outcome k to Bob. 
1-3. Bob performs a measurement The prob¬ 

ability of obtaining measurement outcome I, conditioned 
by k, is given by pi\k = ||lVj|fe|T'fc)||^ and the state after 
Bob’s measurement is IT's;;) = Niikl'i!k)- 
1-4. Bob communicates the measurement outcome I to Alice. 
1-5. Alice performs an operation which is described by a 
CPTP map Oki ■ A! -a AA\. The final state is given 
by T'fcz =C>fe;(4'fc;). 

Let Ae and Be be an ancillary system of Alice and Bob, 
respectively. Let Wk ■ BBq -a BBiBe {k G K) be isometries 
such that the Naimark extension of Bob’s measurement is 
given by = {l\^^Wk, and let Vki '■ A' -A AAiAe be an 


Fig. 8. A graphical representation of Procedure I-l~7 in Appendix |D-A| 
The parabolic symbol in the middle represents the projective measurement in 
the basis {|i)}i. 


isometry such that the Stinespring dilation of Om is given by 
Okiir) = TrAE[V/c/r^ Consider the following protocol, 
which is equivalent to the protocol given by I-l~5 (Figure]^. 

11-1. Alice performs a measurement M and obtains measure¬ 
ment outcome k. The state after the measurement is 

^'^A' RaBRbBo 

11-2. Alice communicates k to Bob. 

11-3. Bob performs Wk- The state becomes 

\^,^^A'RaBRbB^Bb (105) 

11-4. Bob performs a projective measurement on Be in the 
basis {|0 }zj obtains outcome I with probability pi\k- 
The state after the measurement is 

^^^^^A'RaBRbB. 

11-5. Bob communicates I to Alice. 

11-6. Alice performs Vm- The state becomes 

\^f^l)AAiABRABRBBr 

11-7. Alice discards Ae- 


(106) 


(107) 















































Remark. In the description of by I-l~5, we assume that 
all information about the outcome of Alice’s measurement, 
represented by fc € K, is communicated to Bob. In a general 
protocol, however, not all information about the measurement 
outcome need to be communicated. In such cases, the mea¬ 
surement outcomes are represented as (fci, ^ 2 ) S Ki x K 2 by 
two countable sets Ki and K 2 . The IKi part of the outcome 
is communicated to Bob, whereas the K 2 part is kept on 
Alice’s register until she performs the last operation. We 
show that such protocols can also be described by 11-1^7 as 
follows. Let y : A —> A'Ae^Ae^ be an isometry such that 
the Naimark extension of Alice’s measurement is given by 
(fc 2 |^® 2 y, and let Vk^k 2 i ■ A' -)■ AAiAe 
be an isometry such that the Stinespring delation of Alice’s 
last operation is given by (r) = TrAAVk,k2ir^'vl 

k^l]- 

The procedure II-1~7 then gives a description of the general 
protocol by the following correspondence; 

k ^ ki 


A' 

-A A' Ae2 


-A = {kl 

Vki 

^ Vk,i= Y A){k2\ 


k2 GK 2 

Ae 

—>■ Ae2 Ae ■ 

Proof of Lemma 

We prove that the measurement M is 4 


kl 

> '^Pki 
kl 




kl 








K I 

k 

-Y^Pk 


where we defined 

I 

Hence, from < |5^ , < |58] > and < [65] >, we obtain 

Ypk 


(110) 


( 111 ) 


^A'RaRb _ ^A'Ra (g) ^Rb 


< 


1 
k 

k 

k 


'‘d 




8 ^-decoupling between A'Ra and Rb, which implies 
Lemma |22l combined with Lemma fT^ From (|22l) and Equality 
we have 

kl 

= YpkiF 

kl 

for some states (j)kij which leads to 

^Pfc/efe/ < e 

kl 

for 

eki := 1 -F 

Due to Lemmaand eki G [0,1], we have 

y^Pkiv^ < ^+v^< 2 ^. (109) 

kl 

Therefore, by using ( |70| i, ( |66] l and ( |57] i, we obtain 

4^ > 2 E Pkl\/^l 

kl 

AiAe 


K 

k 

+Yp^ fx-f +E^'fc 

'■ k 


< 3^Pfc 

k 

Thus Alice’s measurement 
and Rb - From ( |110| l, (l66ll. 
also have 

4^ > 


^A'R^Ru _ .^A'R^ ^ ^Rs 


^Rb _ ^Rb 


< 12^, 


is 12 ^-decoupling between A'Ra 
( [TTT] |, (@, @ and ([^ 


I, we 


k 

k 

k 

-IjRaRb ^ ^Rb^IiRaRb 


K" ® A" - A" ® A" 

k 

Yp^ 


Yp^ 

k 


c. 


which implies that Alice’s measurement is 4^-oblivious. 

Proof of Lemma \23\ 

From ( |108| l, ( [hT] ) and ( |107| i, we have 

1 - Cfe/ < > ^d , ^d ■ 





















































































By using (j6^, we have 

I 


By definition, we have = ('I'P)^-^. Therefore, due 


because of ( |106| l. Due to Equality ( |64] l, there exist pure states 

Rab'be 

1 - ^ ^ ^BRS^ 


to Inequality (113i and Lemma [3T| there exists a quantum 
operation O : A' Ab' —> A such that 

QA'AE,^^^p^^A'RAAE,^_^^®n^ARA <2^3^. (116) 

Define a quantum operation J\f' : A' B' Ahy M' := OoJ\f. 

From ( |114| i, ( |115| l and ( |65] l, we obtain 


^ t^merg; 


for each k, which leads to 


A'RaBiBe 


due to ( [Tol l. Thus we have 

J2pk ® 


(117) 


A/''((T'P)^''R-^®') (g) <5^. (118) 


AA' (|4'')(«''| 0 «>2 


From 


< 


, ( |116| l, ( |117| i and ( |118| l, we see that 


$ 


^oBo j _ ($®") 


ARa 




< ^Pi\k^ki < ‘^^Pkl^/^l < 4</e, 

fc y / ki 

where the last line follows from the concavity of the square 


root function and Inequality (109 1 . This completes the proof 
of Lemma |23] ■ 


Appendix E 

Proof of Inequality ( [33| ) 

In this Appendix, we describe an evaluation of the total 


AA' (|4'')(4'' 

AT' (|4'')(4'' 

_qA’A g, RaAe, 0 

n\ARA ^ (^<g>n\BRB 


BRb 


< 


d ) 

Af' (|4'')(4''| g 

Afi^^^P'^A'RAB') ^ 


error, which have appeared in Section VI-A in the proof of 
the direct part of Theorem 
From Lemma ItTI we have 


Af'{{^P)^'{{AiP)^' 


') 


qA'Ab! (J^^p-^A'R aAbi^^ _ ^(^®n\^ARA 


T-')(T-'| _ (^p)^«aB ^ ($»n)Bi?B <5^ (112) < 2^3^ + 5^ + 


•merg* 


and 


< 3^, 


(113) 


corresponding to (30i and ( [3T] ), respectively. Let Ab' be Al¬ 
ice’s register which is identical to B', and Af : A'B' -A A' Ab' 
be state merging of \^p'j^ . Define the merging error 


by 


'-merg •“ 


(114) 


< 5^, 


Af{{^P)^'^^^') - (^qiP)ARAABi 

From ( |112| ) and ( |32| ), we have 

which leads to 

AA(|^'')(4''|g4>^„“/^“) - 

g <5^, (115) 


Due to ([^, ([T8| and we have 

emerg < 2 (2v/2V2-"^ +2-AR+r)'j " < 4.2-"’'/8. 

Thus we obtain ( [3^ . ■ 

Appendix F 

Proof of the Converse Part 

Suppose a rate triplet {E,Cf,Cb) is achievable by a two- 
round protocol. By Definition and Assumption Q, for any 
5 G (0,1], there exist e > 0, n satisfying 


8v^ ■ n < S 


(119) 


and a (2, n, e)-protocol Ad„ for implementing U with the 
entanglement cost nE, the classical communication cost nCf 
and the backward classical communication cost nCt- We 
assume here for simplicity that Kn and is bounded above 
as 


logATn, logL„ < nlogK 


( 120 ) 




















































































with a constant k > 0. As we prove below, the following 
inequalities hold for any such A4n'- 


Cf > M(U^)-i(S) logd, 
nlogd + logK„ - 

kGK 

> nM{U^) — n^{5) logd, 

-(logif„-logL„) > M(C/t) -ei((5)log(d«), 
n 

Cb > log {dK-2^»). 


Let us prove Inequalities (|121|i^(T24|. From Lemma [S 


describes the procedure ll-4~7, presented in Appendix D-A 


p{Mn.U^) = Y,PkMnA%)- 


Define 


Cfc,! := 


MnA%) - ^ $ 


AiBi 


and 


which yields 


< 2^/e. 


From Lemma 23 there exist pure states 


such that 


( 121 ) 

( 122 ) 

(123) 

(124) 


E 


Pk 




) ^ < 4^. 


Defining 

efc,2 := 

we obtain 


RaBiBe 0 


Here, ^ is a function defined by (87 1 , and ^i, ^2 are nonneg¬ 
ative functions that are independent of n and d, and satisfy 
lim 5 _>oCi(d) = lim5_>oC2(d) = 0. The converse part of 
Theorem 1^ immediately follows by taking the limit of d —>^ 0 
in Inequalities ( |121[ ), ( |123| l and ( |124 i 


'^Pkek,2 < 4^. 

k 

From ( |127| l and ( |129| l, we have 

'^Pkik < 2Ve + 4v/e < 6-^ 


Alice’s measurement in A4n is 4-^-oblivious and 12-^- 
Markovianizing from A'Ra- Hence Conditions 1) and 2) in 
Definition are satisfied by the correspondence described by 
Thus we can apply Lemma [E to obtain the above four 
inequalities. 

Inequality (121i follows from nCf > H{{pk}k&K) and 


for 


Inequality ([^ 1 . Inequality \\22\ follows from Inequality ( [T^ 
on /S.S{A')av We prove Inequalities (123i and (124i in the 
following subsections. 


Cfc fife,! + e/c,2- 
From ( |128| l and ( |65| ), we have 


(128) 


(129) 


(130) 


(131) 


< efe,2 

(132) 


A. Proof of Inequality (im 

Let Mn,k ■ A'BiBe —> AAiBi be a CPTP map that 


for each k, which implies 




- ('I'D 


A' 


averaged over the measurement outcome 1. The final state is 
given by 


(125) 


< efc.2 < Efe 

(133) 

due to (l66]l and ( fT05] l. By (|^, ( fT32| ), ( fT26] l and ( fT3T] i, 

we see that 


>n\ARA 


bRb (g) q,^iB 


(126) 


/fe,i := F(Ad„,fc(^D, |$L) 

for k G K. Due to the convexity of the square function. 
Inequality ( |70) i. Equalities ( |6T] ), ( |125| l and Inequality ( |34| ), we 
have 


< ^Pk4,i < 4^Pfc(l-/fe,i) 

\ k / k k 

= 4 - 4F(p(Af 
<4e, 


< 


< Cfc, 


MnA'^'k) - ® (4'!”) 


<n\BRB ea 


which leads to 




< Cfc- 


(134) 


(135) 


by ( |66] l. Therefore, due to Lemma there exists a quantum 
operation A^k '■ A -G A'Ab^Be’ where Ab^Be ^ quantum 
system which is identical to BiBe, such that 


(127) 


{xUIA'R^Ae.be 

Define 

k 'Tn,k ® Aln.k 


< 2AA. (136) 


(137) 
















































































Owing to (56 1 , ( 137| i, (65i, (58 i and Inequalities ( |134 1 , (136i, 
we have 

< {Mn,ki'^l)A^^^"^" - (g) 

r„,fc(($f")^^^) - {^i>iA'^^^b,bb 

< Ck + 2-y/efc, 

which leads to 

> 1 - minjefe + 2^^, 1}. 

Hence M'^ f, is a state merging of |v]/P)"4'itA(BiBE) j-jjg 
error minjefc + 2 y^efc, 1 } and the entanglement cost — logL„ 
(see Definition [T^ and Inequality ([70|). 

Note that we have 


where we used the fact that we have 6 -^ < 1 from (119i. 


Combining this with Inequality (122 1 , and defining ^i(5) := 


dim'H'^' < dim-H^ x dim'H"^“ < d" x k", 


-n'^PkV"A) log {dK), 

k 

rj"(e) := rj' ^2Y^min{e + 2^6,1}^ + 2?7(e). 

5 define a function rji by 

771(e) := 77" + 77"(1) • 


where we defined 


which satisfies limE_j.o 771 (e) = 0. From Inequality (139i, 
Lemma [34| and ( |130| l, we have 

- login > Trlogd- - 771 (e) log (dK), 


^(d) + 771 (d), we obtain Inequality (123 1 . 

B. Proof of Inequality \124\ 

To prove Inequality (124 1 , note that f, is a state merging 


of |\I/P)^'J^a(SiBe) ijjg gj^Qj. minjefc + 2 yefc, 1 } and the 
classical communication cost nCh- Therefore, from Theorem 


Inequalities (135i and (78i, we have 


(138) 


which corresponds to ( |2^ , and Assumption ( 120| i. Therefore, 
we apply Theorem |35[ Inequalities ( |133[ ), ( |135[ ) and to 
obtain 

- log L„ + nr]' ^2y^min{efe + 2^^^, 1}^ log {dn) 

> S{BiBe\A')^p^ 

= SiRAhi - SiA'y 

> Trlogd- S{A')^,^ - 27rp(efe) log (dK) 


for each k, where rj' is a function defined by ( 881 . Combining 
this with ( |139| l and averaging over k, we obtain 

-login > Trlogd-^pfeS'(A')^,^ 


(139) 


(140) 


(141) 


nCb + 5nri ^2^minjefe + 2Aek, 1}^ log (dK) 

> I{BiBe : Ra)^i 

= S{B^Be)^p^ + S{RaAi - S{B^BeRa)^.i 

> S[BiBe)^i +nlogd-5 '(A')^p - n77(efe) log d. 

(142) 

for each k. From ( |128| l, ( f78] l, ( |105| l, ( |131| l and 

logdim-H®^ = nCb, = (tt®")^ (g) T-fy 
we have 

SiBiBshi = SiBBiBEUp^^^p - 5(B)^«„ 

> S{BBiBe)^'^ - nlogd-7r77(efe,2)log {dn-2^'‘) 

= S{BBo)^^ -7rlogd-77,p(efc,2)log(dK-2‘^'’) 

= 5(5)^®^ + 5'(io)*fc - Trlogd- np(efc,2)log(dK-2‘^*’) 

= S{Bo)^^ - 7777(5^,2) log (dK-2*^'’) 

> S{Bo)^,^ - nr]{ek) log (dK-2'^'’). 

Using ( fT28] l, ( fT38l l, ( fTOS] ! and ( fOTj ), we also have 

5'(A')^P < 5'(A')^/^+7i77(efc,2)log(dK) 

< S'(A')^j^ + nr]{ek) log (dK). 

From ( |142| i, ( |143| l, ( |144| ) and ( |140[ ), we see that 

nCb 

> n log d — S'(A^)v]>j, + S{BQ)\i,i_ 

-n ^577 ^\J min{e + 2^6,1}^ + 3p(efc)^ log (dK-2'^'’) 

> 77 log d - S'(A')^j^ + S{Bo)^^ - 5nq"{ek) log (dK-2‘^'’) 
for each k. Averaging over k, we obtain 

nCb >^Pk {nlogd- S{A')^,^ + S{Bq)^^) 

k 

—577771(e) log (dK-2‘^*’), 


(143) 


(144) 


where pi is a function defined by ( |141| i. Thus, from Inequality 
(I 61 on AS'(A')a„ —AS'(G')an, we have 

nCb > nM{A) — 77(f(d) + 5771 (d)) log {dK-2^’’). 


Defining ^ 2 (d) := + 5771 (d), we obtain Inequality (124l. 















































































C. On the Convergence Speed of the Error 

We prove that the converse part of Theorem 1^ holds 
even when we drop Condition Q, if Conjecture [2^s true. 
First, as we proved in Appendix E of 0 (see Remark 
therein), the function ^(<5) in ( [8^ can be replaced by another 
function ^a^(e), which is independent of n,5 and satisfies 
limc_>o CaD(e) = 0. Consequently, functions ^(<5), Ci('^) 

^2 ((5) in Inequalities (121 1 ~ (124 1 can be replaced by different 




2nR 


(146) 


k=l 


satisfies 




A\0n 


< 2 -”^+ 14 exp ( - 


cS^n 


(147) 


2 in |39 . Fix an arbitrary J > 0. Let C 






> 1 — exp (—c(5^n) 

> 1 — exp {—cS'^n) 


for any 5 > 0 and n pO) . Define 


^ab 

Pn,S ■ — 


Dr, 


functions ^'(e), C 2 i^)’ respectively, which do not 

depend on n, S and vanishes in the limit of e —?> 0. Inequalities 


(1211 ~ (124i then hold for any n and e, which implies that 


the converse part holds without additional assumption 0- 

Appendix G 
Proof of Theorem[26] 

We prove Theorem [2^ after introducing a theorem regarding 
the cost of randomness for destroying correlations in a bipartite 
quantum state. 

A. Decoupling 

The following lemma is obtained as a corollary of Proposi¬ 
tion 2 in p^ , except an evaluation of the convergence speed 
of the error. 

Lemma 36 Let be the maximally mixed state on and 
suppose a bipartite state G SifH.^ ® EL^) satisfies = 
TT^. There exists a constant c > 0 that satisfies the following 
properties for any R > I{A : B)p, sufficiently small d > 0 
and sufficiently large n. That is, for an arbitrary ensemble of 
unitaries on satisfying 

V|</>) e f p { dV ) V \ fMV ^ = (145) 

Jv 

there exists a set of unitaries on the support of p(dV), 

such that a random unitary operation Vn on S{EL^) defined 
by 


Due to Lemma we have 

^pAB^^n-~AB 

in addition to 

DnA >1-2 exp ( - 


<5exp|-!^ 

1 V 4 


C(5^r 


( 148 ) 


(149) 


(150) 


Let be the projection onto the subspace of EL^ g spanned 
by the eigenvectors of p^ g, corresponding to the eigenvalues 
not smaller than 

cS'^n^ 




Define 


We then have 



:= 

Tr[n:5<f], 

-AB 



Pn,S 


K,s ■ 

A = 

1 - 

Tr[(/^ - 

> 

1 - 

A* X rank[pf ,5] 

> 

1 - 

2 ”nc(5^ log e/2 

> 

1 - 

f cS'^n\ 

exp( 2 h 


(151) 


(152) 


where we used the fact that 

rank[pf ,5] < dimEi^g < 

Therefore, due to the gentle measurement lemma, we have 

cS'^n 


~AB _ xAB 
rn,5 Pn^S 


< 2 exp — - 

1 V 4 


(153) 


From ( |149| l, ( |153| l and the triangle inequality, we obtain 

c6^n 


- p: 


'n,5 


^<7exp— 4 


(154) 


Proof: The proof is basically the same as th^at of Proposition 


From Definitions ( |148| l, (151 1 and Inequalities (150i, (152i, 
the maximum eigenvalue A+ of p^^ is bounded as 

2-n(S(p"'«)-5) 


and H^g C IfEL^)®'^ be the 5-weakly typical subspace with 
respect to (^pAB'^^n jgj njjf and 11^be 

the projection onto those subspaces, respectively. There exists 
a (5-independent constant c > 0 such that we have 


A+ < 


< 


^n,S^n,S 
2-n{S{p^^)-S) 
c6^n 


< 2~AS{p^^)-2S) (^ 55 ) 


1 - 3 exp (-‘2 j 
for sufficiently large n. By definition, we also have 


1 

A+ 


P^Hiv) < (n^)®" 1 


'Ks- 


(156) 






































Let {p{dV),V} be an ensemble of unitaries on 
that satisfies ( |145| l, and define 

(157) 

As an ensemble average, we have 


:= E[p^^siV)] = {7r^r-<^p~^s 

Inequality ( |154| l then implies 

'pis-ip^r^ 

cS'^n 


pAB _ ^ 

< Pt$-{P^^) 


^<7exp— 4 


“ (7” D' — “-4 
^AB'n,5 


> d7”• A* 


"I ^ H PnH {V^) i (1 - Cl )Pn| > (1 + El )Pn.f 


AT 




i=\ 

N f_AB 


= Pr ■ 


E 




N ^ A+ 
2=1 


N\et 


^Ab ^Ab 

a \ rn,6 I \ rn,S 


< 2d'Xdl exp - 


for any G (0,1], which implies that 

2"^ 


Pr 


1 


^Y.Pn!s(v^)-Pn: 


AB 

5 


i=l 


<2e, 


> 1 - 2d^d^ exp - 


2"'«Ae? 


) 


2 J 

for an arbitrary R > 0. Substituting = 2“^“"^, we obtain 

2 " 

L 

2 " ^ 

1=1 

2n(R-2S)y 


Pr ■ 


^Y.Pn!'si^)-Pn!! 


< 2 


— 71(5 


> l-2fi^d” exp ( -■ 


IA<^B 

Therefore, if R satisfies 


R > I{A : B)p + 5(5 + loge, 


and if n is sufficiently large so that Inequality ( |155 1 holds 
and the R.H.S. in ( |160[ ) is greater than 0, there exists a set of 
unitaries {Vi}j^i such that 


(158) 


^ ST^ ^ABf^T\ -AB 

■)nR Pn,S ^i) Pn,S 


< 2 


— nS 


(162) 


1 

(159) 


Using unitaries in the set, construct a random unitary operation 
V„ on A" as ( fl46l l. 

The total error is evaluated as follows. From ( [T54l i, ( [BT] ) 
and the monotonicity of the trace distance, we have 


where the second line follows from the monotonicity of the 
trace distance. Due todTsTJ and ( |152| l, the minimum nonzero 
eigenvalue A“ of (158 i is bounded as 

A* 




i=l 


< 7 exp — 


C(5^r 


(163) 


which leads to 

^ S 

Suppose Ui, • • • , Vn are unitaries that are randomly and 
independently chosen from an ensemble {p{dV)^V}. Due to 
( |156[ ) and the operator Chernoff bound (Lemma 3 in p^), we 
have 


Due to (159 1 , (162 1 , (163 1 and the triangle inequality, we 
obtain 




< 2 


—n5 


14 exp — 


for any R > I[A : B)p, S G (0,1] satisfying (1611 and 
sufficiently large n. Thus we obtain (|147|l. ■ 


B. Proof of Theorem 26 


We prove Theorem 26 by showing that M{U) < K{U) 


holds for any generalized Clifford operator U, which implies 


(160) 


M{U) = K(U) due to Lemma 24 From Equality ( |43l ), we 
have 

K{U) = S{ARAh^ 

= S{ARA)^Sfu+\ogd-log d 
= S{ARA)•il^ + ~ S{B)i},^ 

= + S{Rb)ii/u — S(ARaRb)ii’u 

= I{ARa : RB)’i'u- 

Thus it suffices to prove that any R satisfying R > I{ARa ■ 
Rb)'Sii, also satisfies R > M{U). 

Fix an arbitrary R > I{ARa ■ Rb)^u and choose 
sufficiently small 6 and sufficiently large n. Define 

:= (Pir 

:= ( 71 , • 

O' ri 


P 

q 


'PiQi 


^Pn) € {I 5 
iQu) € {I 5 

) • • • 0 (7, 


,dV 

,dr 


PnQn^ 


and consider the ensemble of unitaries 


{i/d 


'2n 




on Rg = Rb- Because of Schur’s lemma, the ensemble 
satisfies 


(161) 


1 


E' 

pq 


.Rb 


Rb '\Rb _ {—RB\ 0 n 

^vd ~ \^d ) 









































































for any |(/)) G . Therefore, due to Lemma 36 there exists 
a subset {pkqk}kLi C {1, • • ■ such that 




—— V cr"^- 

2nR PkQk^ U > 

fc=l 

(g) 


Pkgk 


— ^nt 


where 


e„ :— 2 


—n6 


16 exp — 


cd'^'t 


(164) 


(165) 


1$. 




A simple calculation then leads to 


yRs 

PQ 




BRb 




y BRb 


= exp {2mqp/d) ■ \ $d) 


BRb 


^p<r\^u) 


ABRaRb 


= iu 


AB 


i (7, 


Rb 

pq 


)l‘i>rf) 




= exp {2niqp/d) ■ (g) cr-pA\‘^d)^^^\‘^d) 


jei,.(^A ^ _B \ttAB\^ \ARa\ 


Tracing out B, we obtain 


BRb 
BRb 


Rb^iARaRb -^Rb _ ^A 
’^pq '*'[/ ^pq ^p'q'(pq)^ u 


W/ARaRb ~^a 

^p'q'(pqy 


which implies 


(T?®- {\^f/^)^^ARB u'^Rb _ ^ 


'pkqk^^U 

for a subset 


Pkqk 


P'k^'k 


Pkik 


p! Af \2" 


construct a random unitary operation V„ on S{‘H^) as 

2"-^ 


k=l 

We then have 

12 ^(|v]/®”)4-Sa-Rb ^ _ ^^^ti^ARa 0 


rt4 




from (1 1641). Note that 4/^® = tt^^. Due to Lemma 
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the proof thereof (see Appendix |C-B[), it follows that the state 


)2„((vI/®")^'^-4^b) is e„-recoverable from AR^- Therefore, 
from Definition 9 and Theorem 11 in II3> we obtain R > 
M{U). Note that the error vanishes exponentially to n due to 

dT^ . ■ 

Appendix H 

Proof of Lemmaand [30] 

A. Proof of Lemma [^ 


Without loss of generality, we assume that the basis 
by which the generalized Pauli operators are defined 
as (48), is the Schmidt basis of and That 

is, we assume that 


where the superscript T denotes the transposition with respect 
to the basis {|f)}jLi defined by 

d 

x^=j2 iW) ■ m 

for X G C{T-L^). Therefore, for some phase 9' € K we have 


C {I,-- - Using the subset. 


The proof is based on an idea which is used in 1411 to prove 
that information causality is satisfied in quantum mechanics. 

For Inequality (49 1 , define = 0, and denote 

system B before the first step by Bq. By the data processing 
inequality and the chain rule, we have 

I{X : B^,L'>,K'*) 

< /(X : 

= I{X : B^_i,L'^-\k'>-^) 

+I{X : k^\B^_i,L^-\k'^-^) 

= I{X : 

: k^) 

-IiB^_uL''^-\k^-^ : k^) 

< I{X : B^_i,L'^-\k'f-^) + H{k^) 

< I{X : B^_i,L'^-\k"^-^)+\og\ICf 

for 7 = 1, • • • , r. Hence we obtain 

I{X ■.Br,L^,k^) 
r 

= \j{X : B^,L^,k^) - I{X : B^_i, L'^-\k''^-^) 

7^1 

r 

<^log|/C^| = Ctot. 

7=1 

For Inequality ( |50| ), observe that 

H{X) - H{X\X') = I(X : X') < I{X : Br) 
<I{X ■.Br,L^,k^)<Ctot (166) 

due to the data processing inequality. By definition, we have 
H{X) = nR. (167) 

Fano’s inequality | |42) implies 

H{X\X') < h{Pe) + nRPe, (168) 

Substituting ( |167| ) and ( |168| ) to ( |166| ), we obtain (50i. ■ 


and 


B. Proof of Lemma [^ 

The proof of the first statement is based on a protocol 
proposed in | |43j . Let Bi and B 2 be d-dimensional quantum 
systems, and let {crfk^i be the set of generalized Pauli 
operators on LL^. Define states 


(169) 

























and 


and 


= (170) 

for i = 1, • • • ,(P. Let us introduce notations 

i := ii---in e {I,--- ,d^V, 

cr^ := CTij 0 • • • (g) ai^ 


S{BiBB2h^=\ogd + K{U), 

respectively, where the latter follows from ( [T0| ) and the or¬ 
thonormality of {-Fs|$d)^^^}s- Thus the Holevo information 
( 1451), corresponding to the signal states 

and the uniform distribution pi — 1 /d^ {i = I,-- - is 

given by 


x({Pi,4' 


B 1 BB 2 


1 

2=1 


= K{U). 


From ( |169| l and ( |170| l, we have 

p{Un,l) = (crP®ip(^n)(o'|)^' 

and 

where we defined 


cri := (,TT)t. 

?, '■ 7 . ' 


Therefore, due to the unitary invariance of the fidelity (see 
Equality (69 1 ), Condition (j5T| implies 


F (^p{Un,i),\'^u,d) > 1- 


which leads to 




> 1 - e 


(171) 


for any i by taking the partial trace. 
Due to Schur’s lemma, we have 


^^af|$d)(<l>, 


d2 


ABi t -4 A Bi 
d\ crl = TT^ (g)7r^i 


Thus the average state of |T'; 7 ,i) with respect to the uniform 
distribution pi = l/d? {i = 1, - ■ ■ ,cP) is given by 


Due to the Holevo-Schumacher-Westmoreland theorem 
0 , gg, Ibr any e > 0 and sufficiently large n, there exists 
a subset C„ C {1, • • • , of cardinality n{K{U) — e), such 
that all elements in the set 




B 1 BB 2 'I 
U,i 


li&C„ 


are distinguishable up to a small error e. That is, there exists a 
measurement on B 1 BB 2 , described by a set of measurement 
operators , such that we have 


P. ■■= 


\C„ 


i&Cn 


n^^BiBB2 
* U,i 


< e 


Consider the following protocol in which Alice transmits 
n{K{U) — e) bits of classical message to Bob by assisted 
by shared entanglement; 

1) Alice and Bob initially share , where 

Bi and B 2 are additional quantum registers that Bob 
has. 

2) To send a message k G {I,-- - ,2"^} where R = 
K{U) — e, Alice chooses k-th element ^ = i\ - ■ 

in Cn, and applies on A". 

3) Alice and Bob apply 7f„. 

4) Bob performs a measurement on B 1 BB 2 described by 

The state after Step 3) is equal to for each 

k, which satisfies 


^jABiBB2 __ \ ^ vTj AB 1 BB 2 

^ (P ^ 

The reduced state of ^(7 on B 1 BB 2 is 
^BiBB2 ^ (g)TrA[t/^^(7r^® 

= Trf 0 Tr^Bi (g 

s=0 

where Cg and Fg are defined by The von Neumann entropy 
of states and ^BiBB 2 

SiBiBB2h^,, = = iogd 


^BiBB2 _ ^BiBB2 

UnP U,i^ 


< 2v^ 


due to (171 1 and ( [70| . Therefore, due to ( [55| ), the average error 
in transmitting the message is bounded above as 



Tr 

r)-.i^BxBB2 

) 

*ec„ 





Tr 

T^^i^BxBB2 
^ U,i 

) 

ieCn 




%^C-n. 


'iuBiBB2 
^ U,i 

qiBiBB2\ 
Ur^,i ’ _ 


< e + 4-\/e < 5-s/i, 

which completes the proof ■ 























